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Abstract
This article presented to Combinatorics 2006 is a survey of finite projective planes and the processes used to construct them.
All non-translation planes are described, fundamental processes in translation planes are defined and some of these are used
to connect semi-field flocks with symplectic spreads. Hermitian ovoids are connected to extensions of derivable nets, and three
types of ‘lifting’ methods are discussed. Furthermore, hyperbolic fibrations and ‘regulus-inducing’ central collineation groups are
connected to flocks of quadratic cones. Finally, hyper-reguli and multiple hyper-regulus replacement are considered.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Probably every mathematician can give the definition of a finite projective plane—and why not, it certainly does
have a simple definition, but how many types of finite projective planes are known to every mathematician? The guess
might be only the Desarguesian planes, or rather, only the planes that are built from blackboard affine planes over
arbitrary finite fields.
Since it seems that the question of projective planes has been put to me numerous times over the last twenty
or thirty years, the occasion of Combinatorics 2006 seemed a good opportunity to give something of an answer to
the questions ‘What are the known finite projective planes? How are these constructed?’ Hence the title ‘planes and
processes’ describes precisely what is intended.
When this author first became interested in finite projective planes, there seemed not to be so many of these objects.
In fact, now the simple fact that the Hall planes are those derived from a Desarguesian plane was revolutionary
when Albert [1] first proved this. Of course, part of the mystery of this result was due to the way that the projective
planes were constructed in the early 1940s, 50s and 60s, which was primarily by coordinate methods, changing the
multiplication or addition of a finite field while retaining the necessary requirement for a ‘ternary ring’ producing
an affine and hence a projective plane. In fact, this is the way that Hall constructed these planes, by changing the
multiplication of a finite field by using a particular irreducible quadratic. Actually, this construction process can be
and has been generalized by the author, see Johnson [31], and applies to any finite affine plane that admits a derivable
net. This process is called ‘distortion’ and, in fact, there are a number of construction procedures available to us.
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D.R. Hughes worked quite a bit on derivable planes and it was wonderful when it was determined that the affine
versions of his ‘Hughes’ planes are derivable, producing the ‘Ostrom–Rosati’ planes. Since there were so few planes,
it was asked ‘But what makes an affine plane derivable?’ Roughly speaking, it turns out that sufficient conditions for
derivation are that the corresponding ternary ring of order q2 is a right 2-dimensional vector space over a field GF(q),
while writing lines through the origin of a putative derivable net in the general form y = x · α, for α ∈ GF(q).
Realizing this fact means that any dual translation plane arising from a translation plane of order q2 with spread in
PG(3, q) is necessarily derivable, and such derived planes form a subclass of the so-called ‘semi-translation planes’.
Actually, the Hughes planes are also semi-translation planes. However, the Ostrom–Rosati planes are interesting in
that they admit exactly one incident point-line transitivity.
In general, the main objective of this article is to acquaint the reader with some of the finite projective/affine planes
that are important in that they appear in various classification results or are intrinsically connected to other point-line
incidence geometries as well as the various construction processes. All of these planes, processes and details of their
construction appear in Handbook of Finite Translation Planes by Mauro Biliotti, Vikram Jha, and the author, which
will be published by Taylor books in 2006. Certain of the material in this article is taken from this text, but here
appears in a much more compact form.
Since this author frequently insists that only through knowledge of the class of finite translation planes can the
general class of finite projective planes be understood, we begin our discussion with the most fundamental derivable
affine planes, the dual translation planes, with a goal first to describe all finite affine planes that are not translation
planes. It is perhaps surprising that there are not many of these available to us.
We then discuss translation planes and geometries that are connected to translation planes by one or various
methods. It is a testament to the exponential growth of the area of finite geometries that there are so many
interconnecting theories, and we here illustrate this cohesion through the viewpoint of a translation plane.
2. Dual translation planes and their derivates
As we mentioned, any dual translation plane obtained from a translation plane of order q2 with spread in PG(3, q)
is always derivable. Furthermore, the derived planes are semi-translation planes and often exhibit very interesting
properties.
The following definition does not require finiteness.
Definition 2.1. Let ρ be any affine plane and let ρ+ denote the projective extension. A set of points D of ρ+ − ρ
(i.e., infinite points of ρ) is said to be a ‘derivation set’ if and only if for each pair of distinct points P and Q of ρ, such
that P Q is a line of a parallel class of D, there is a Baer subplane of ρ+, pi+P,Q , with infinite line the set D containing
P and Q. (A Baer subplane of a projective plane is a subplane such that every point (respectively, line) of the plane is
incident with a line (respectively, point) of the subplane.) Let piP,Q denote the associated affine Baer subplane of ρ.
Remark 2.2. Let ρ+ denote a projective plane and ρ+0 a projective subplane. The subplane ρ
+
0 is said to be a ‘point-
Baer subplane’ provided each point of ρ+ is incident with a line of ρ+0 and a ‘line-Baer subplane’ if every line of
ρ+ is incident with a point of ρ+0 . A subplane is a ‘Baer subplane’ if and only if the subplane is both point-Baer and
line-Baer. We note that for finite planes, the concepts of point-Baer and line-Baer are equivalent. The fact that there
can be point-Baer subplanes which are not line-Baer leads to the existence of derivable nets within non-derivable
affine planes.
Remark 2.3. For every spread producing a translation plane, there is a dual spread in the associated dual space. If this
dual spread is also a spread, then the original spread is also a dual spread. Any finite spread is a dual spread.
Theorem 2.4. If ρ is any affine plane such that the projective extension ρ+ contains a derivation set D, then consider
the point-line structure of points of ρ and lines of the following two types: Lines of ρ which are not in the parallel
classes of D and Baer subplanes piP,Q of ρ. Then this structure is an affine plane ρD.
In the introductory remarks, it was mentioned that an affine plane can be seen to be derivable using coordinates.
However, for dual translation planes, this is not the only method. Let pi be a translation plane whose spread is a
dual spread, and let pi+ denote the projective extension of pi by adjoining `∞. Suppose that the spread for pi lies in
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PG(3, K ), for a field K , so there is an underlying 4-dimensional vector space V4 over a field K . Choose any infinite
point (∞) of pi+. Choose any 2-dimensional K -space pi0 such that 0(∞) is a 1-dimensional K -subspace, where 0
denotes the zero vector. Choose any parallel class (0) of pi such that 0(0) is also a 1-dimensional K -subspace, X .
Choose (∞), to denote the line at infinity for the dual translation plane dualpi+. We note that pi0 is an affine subplane.
Form the set of lines of pi+
{a(∞); a ∈ X} ∪ `∞.
Theorem 2.5. If pi is a translation plane with spread in PG(3, K ) which is also a dual spread, then D =
{a(∞); a ∈ X} ∪ `∞ is the set of points of a derivation set for the dual translation plane dualpi+ and the net defined
by this derivation set contains the natural affine restriction of the dual of the projective extension of pi0.
Corollary 2.6. An affine translation plane of order q2 with spread in PG(3, q) produces (q + 1)(q2 + 1) derivation
sets in the set of (q2 + 1) dual translation planes.
Hence, there are potentially (q2 + 1)(q + 1) mutually non-isomorphic affine planes constructed from an affine
plane of order q2 and spread in PG(3, q).
Definition 2.7. An affine plane ρ is said to be a ‘semi-translation plane’ if and only if there exists a translation group
T− such that each point orbit of T− is an affine Baer subplane.
So, we now see that the derived plane of a derivable affine dual translation plane is, in fact, a semi-translation plane.
Theorem 2.8. Let pi be an affine dual translation plane which is derivable (the corresponding projective plane admits
a derivation set), where the derivation set D contains, as a point (∞)∗, the line at infinity of the associated (affine)
translation plane dualpi , and let the point (∞) of the translation plane denote the line at infinity of pi .
(1) Then the translation group T∞ of dualpi with center (∞) is a translation group of pi which leaves the derivation
set D invariant.
(2) The affine plane derived using D is a semi-translation plane.
We note that the derivation process using a dual translation plane from a translation plane with spread in PG(3, q)
is an affine process and as such there are actually q2+1 affine versions and all of these are derivable. Furthermore, the
above process shows that the derivable nets arise from 1-dimensional subspaces and contain, as an infinite point, the
line at infinity of the original translation plane. The 1-dimensional GF(q)-subspaces of the translation plane partition
any such infinite line of the associated dual translation plane into q + 1 derivable nets and, as has been mentioned,
there are (q2 + 1)(q + 1) possible semi-translation planes. The question is then: When are two such semi-translation
planes isomorphic?
Theorem 2.9 (Johnson [33]). Let pi3 be an affine semi-translation plane of order q2 > 16, which is derived from a
dual translation plane pi2 of a translation plane pi1, by a net containing a (the) shears axis.
(a) If either q is odd or the kernel of the associated translation plane pi1 is not GF(2) then the full collineation
group of pi3 leaves the derivable net invariant and hence is inherited from the collineation group of the dual translation
plane.
(b) If the group of pi3 is not inherited, there is a collineation group isomorphic to SL(2, q) fixing an affine point
P and generated by Baer involutions such that the Sylow 2-subgroups fix Baer subplanes pointwise and these (q + 1)
Baer subplanes lie across the entire set of q2 + 1 lines incident with P.
Hence, when the spread is in PG(3, q), the kernel of the translation plane contains GF(q), so when the plane has
order> 4, the inherited group is always the full group. It follows then that two semi-translation planes are isomorphic
if in the associated translation plane the two sets of q lines defined by the associated 1-dimensional GF(q)-subspaces
are in an orbit under the collineation group of the translation plane in the translation complement. Since the kernel
homology group of order q − 1 will leave each such set of lines invariant, we see that there exist (q2 + 1)(q + 1)
mutually non-isomorphic semi-translation planes constructed from any given translation plane whose full collineation
group consists of the semi-direct product of the kernel homology group of order q − 1 by the translation group.
Actually, such translation planes exist, for example, the planes of Charnes of order 172 [10], which arise from what
is called a ‘slice’ of an ovoid due to Conway, Kleidman and Wilson [11]. The reader is directed to the Handbook of
Finite Translation Planes for details of the ovoids.
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3. Planes with a single, incident point-line transitivity
We mentioned previously that the Ostrom–Rosati planes admit a single incident point-line transitivity and are made
famous for this fact. Are there other affine planes with such properties?
Now assume that an affine translation plane of order q2 with spread in PG(3, q) admits an elation group E of order
q which leaves invariant a Baer subplane pi0. Choose a derivable net defined by an affine version of the projective
extension of pi0. This constructs a semi-translation plane. Then ET∞T0 is a group of order q3 containing a point-line
transitivity of the projective semi-translation plane.
Theorem 3.1 (Johnson [36] (7.7)). Let pi be a translation plane of order q2 > 16 and kernel K isomorphic to
GF(q). Choose a derivable net of the dual translation plane containing a shears axis. Then the projective extension
of the derived semi-translation plane admits an incident point-line transitivity if and only if the translation plane pi
admits an elation group of order q which leaves invariant an affine Baer subplane of pi .
Actually, it turns out that any elation group of order q either fixes 0, 1, 2 or q + 1 affine Baer subplanes that
share the same parallel classes. These Baer subplanes necessarily share the elation axis. We call such semi-translation
planes ‘type i’ if and only if there is an associated elation group E fixing exactly i affine Baer subplanes sharing the
same infinite points. In a later section, we shall discuss flocks of quadratic cones and a note on these structures is
appropriate here. It is known by Thas [53] that there is an intrinsic connection between flocks of quadratic cones (that
is, coverings of the non-vertex points by a set of mutually disjoint conics), certain generalized quadrangles of type
(q, q2) and translation planes with spreads in PG(3, q) that are unions of q reguli that mutually share one component.
There is, however, another characterization of these ‘conical flock spreads’ that is of interest. It can be shown that the
corresponding translation plane of a conical flock spread admits a ‘regulus-inducing’ elation group; an affine elation
group of order q such that axis and one orbit of components (lines of the spread) is a regulus. In fact, the following
theorem may be proven.
Theorem 3.2 (Gevaert–Johnson [19], Gevaert–Johnson–Thas [20]). Flocks of quadratic cones are equivalent to
translation planes of order q2 with spread in PG(3, q) that admit a ‘regulus-inducing’ elation group E of order q.
Going back now to semi-translation planes, and noting the previous two theorems, we see that any conical flock
translation plane produces semi-translation planes of type q + 1.
3.1. Semi-translation planes of type q + 1
Theorem 3.3 (Johnson [36] (7.8)). Let pi be a translation plane of order q2 > 16 and kernel K isomorphic to GF(q)
which contains an elation group E that leaves invariant affine Baer subplanes.
(1) Then there are i type i semi-translation planes constructed by the derivation of dual translation planes by a
derivable net sharing the shears axis, for i = 1, 2, q + 1.
(2) If pi is not a semi-field plane then the semi-translation planes admit exactly one incident point-line transitivity.
(3) If pi corresponds to a flock of a quadratic cone, then there is an elation group E of order q such that each
component orbit of which defines a regulus net containing q + 1 Baer subplanes left invariant by E. Hence, there are
q + 1 semi-translation planes of type q + 1 constructed.
So, we see that semi-translation planes of type q + 1 are now quite common. We now consider semi-translation
planes of type 1, which are, actually, quite rare.
4. The known semi-translation planes of type 1
We shall list the corresponding translation planes. Under appropriate coordinatization, the elation group E has the
following form:
E =
〈I [u g(u)0 f (u)
]
0 I
 ; u ∈ GF(q)〉 ,
I and 0 are the identity and zero 2× 2 matrices.
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We designate the group E by the shorthand notation (g(u), f (u), u).
Description Group Comments
Lu¨neburg–Tits order
22(2e−1)
(uσ − u, u)u ∈
GF(22e−1)σ = 2e
Ostrom (see, e.g., [48]) found the
semi-translation planes
Kantor/Ree–Tits order
32(2e−1)
(uσ − u, u)u ∈
GF(32e−1)σ = 3e
The semi-translation planes are due to
Johnson [36]
Biliotti–Menichetti order
64
(u4 + u3, u)u ∈ GF(8) The semi-translation planes are due to
Johnson [36]
Jha–Johnson order 64 (u + u2, u)u ∈ GF(8) The semi-translation planes are due to
Johnson [36].
In order to discuss semi-translation planes of type 2, we need some additional theory of translation planes, called
‘algebraic lifting’.
5. Algebraic lifting
We recall that every spreadsetM for a spread in PG(3, q) may be characterized uniquely by a pair of functions as
defined below.
Theorem 5.1. Let pi be translation plane with spread S in PG(3, q). Let F denote the associated field of order q and
let K be a quadratic extension field with basis {1, θ} such that θ2 = θα + β for α, β ∈ F. Choose any quasifield and
write the spread as follows:
x = 0, y = x
[
g(t, u) h(t, u)− αg(t, u) = f (t, u)
t u
]
, for all t, u ∈ F,
where g, f are unique functions on F × F and h is defined as noted via α.
Define
F(θ t + u) = −g(t, u)θ + h(t, u).
Then
x = 0, y = x
[
θ t + u F(θs + v)
θs + v (θ t + u)q
]
, for all t, u, s, v ∈ F
is a spread SL in PG(3, q2) called the spread ‘algebraically lifted’ from S.
We note that there is a derivable net
x = 0, y = x
[
w 0
0 wq
]
, for all w ∈ K ' GF(q2)
with the property that the derived net (replaceable net) contains exactly two Baer subplanes which are GF(q2)-
subspaces and the remaining q2 − 1 Baer subplanes form (q − 1) orbits of length q + 1 under the kernel homology
group.
6. Semi-translation planes of type 2
Now consider any translation plane pi with spread in PG(3, q), and for any representation of the corresponding
spread set, form an algebraic lift. We see that we obtain a translation plane of order q2 with spread in PG(3, q2) and
the form of the spread indicates that there is an affine elation group E of order q2 of the following form:
〈
1 0 uq 0
0 1 0 u
0 0 1 0
0 0 0 1
 ; u ∈ GF(q2)
〉
.
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We note that there are exactly two Baer subplanes of the corresponding derivable net that are GF(q2)-subspaces. What
this means is that upon dualization, the corresponding dual translation plane derives a semi-translation plane of type 2.
Hence, we have seen that semi-translation planes of type i for i = 2, q + 1 are now fairly easy to construct. We
now turn to a construction which actually also produces affine planes with a single incident point-line transitivity.
7. Planar functions
The theory of ‘planar functions’ originated with Dembowski and Ostrom [15]. This theory constructs finite affine
planes over Cartesian groups: finite projective planes that admit an incident point-line transitivity. For example, an
affine plane of order n will then admit an Abelian group of order n. However, the construction involves elementary
Abelian groups of order n2. Since semi-field planes admit such groups, it would appear that this would be an important
construction device producing various semi-field planes. However, the connection of planar functions requires also
that the group of order n2 is not an elation group. Actually, probably for this reason, this has not been used extensively,
but on the other hand, the semi-field planes of Coulter–Mathews [12] originated in this way. Actually, the form for a
translation plane constructible from a planar function is known by Dembowski and Ostrom [15].
But perhaps more importantly, there is another affine Cartesian group due to Coulter–Mathews which may be
constructed in this manner, and using the Dembowski–Ostrom criterion can be shown not to be a translation plane or
a dual translation plane. In fact, the plane admits exactly one incident point-line transitivity.
Remark 7.1. Concerning the general process, Kallaher and Pierce [50] showed that either such a construction
produces an affine plane with exactly one incident point-line transitivity or the plane is a translation plane (semi-
field plane).
We begin with Dembowski’s theorem.
Theorem 7.2 (Dembowski [14]). Let pi+ be a projective plane of order n that admits a collineation group G of order
n2 which acts regularly on any point or line orbit. Then pi+ contains a flag (C, a) fixed by G such that pi+ is (C, a)-
transitive and the group E of (C, a)-elations is a subgroup of G. Furthermore, one of the following two situations
occurs:
(i) G consists of elations all with axis a or all with center C, or
(ii) the set of elations of G is E and G has exactly three point (line) orbits: the point C (line a), the points on
a − C (lines on C and not a), and the points of pi+ − a (lines of pi+ not on C).
Note that if G in the above theorem is Abelian then G induces a regular group on any point or line orbit.
Now further assume that G is elementary Abelian.
Definition 7.3. Let G = H × T be an elementary Abelian p-group, for p a prime, of order p2r , where H and T are
both subgroups of order pr . A mapping f from H into T is said to be a ‘planar function with respect to H × T ’ if
and only if for each u 6= 0 of H , if λu is defined by
λu(x) = f (u + x)− f (x),
then λu is bijective.
The main reason for the consideration of planar functions is in the following theorem.
Theorem 7.4. Let f be a planar function with respect to G = H × T , of order p2r . Define a point-line geometry as
follows: The ‘points’ are the elements of H × T . G acts on itself by (x, y)g = (x + u, y + v), where g = (u, v). The
‘lines’ are defined to be the sets
{(c, y); c fixed in H, for each y ∈ T } ≡ (x = c),
and
{x, f (x − u)+ v; u, v fixed, u ∈ H, v ∈ T, for each x ∈ H} ≡ y = f (x − u)+ v.
Then the point-line geometry is a finite affine plane of order p2r admitting G, and G fixes the parallel class (∞)
and is transitive on the remaining parallel classes.
Projectively, there is a ((∞), `∞) -transitivity.
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Now consider any commutative semi-field of odd order (GF(pr ),+, ·), where now also juxtaposition denotes
semi-field multiplication. Consider the following groups:
T = {τv : (x, y)→ (x, y + v); v ∈ GF(pr )} and
W =
{
ρu : (x, y)→
(
x + u, y + xu + u
2
2
)
; u ∈ GF(pr )
}
.
The group T is a translation group of order pr with center (0) and the elements of W are products of elations with
axis x = 0 and certain translations. Note that ρuρw : (x, y)→ (x + u, y+ xu+ u22 )→ (x + (u+w), y+ xu+ u
2
2 +
(x + u)w + w22 ). Since
xu + u
2
2
+ (x + u)w + w
2
2
= x(u + w)+ (u + w)
2
2
,
then ρuρw = ρu+w so that W is, indeed, a group (note we need uw = wu to make this calculation, hence a
commutative semi-field will suffice). Form W T ' W × T to obtain an elementary Abelian group of order p2r .
Now define
g(x) = x
2
2
,
and notice to recapture xu, we have
g(x)− g(x − u)+ u
2
2
= x
2
2
− (x − u)
2
2
+ u
2
2
= xu.
Furthermore, we claim that g is a planar function since
g(x + u)− g(x) = (x + u)
2
2
− x
2
2
= xu − u
2
2
= λu(x)
clearly defines a bijective function λu , for u 6= 0. Hence, we note that there is a bijection between commutative
semi-field planes and planar functions defined as g(x) = x22 , where then lines of the plane become x = c or
y = g(x)− g(x − u)+ v, for all u, v ∈ GF(pr ) and the groups
T = {τv : (x, y)→ (x, y + v); v ∈ GF(pr )} and
W = {ρu : (x, y)→ (x + u, y + g(x)− g(x − u)); u ∈ GF(pr )}
define an elementary Abelian group W × T of order p2r . However, this idea is more general and actually proves the
following result:
Theorem 7.5. Let g be a planar function on GF(pr )× GF(pr ).
(1) Then there is an affine plane of order pr with points GF(pr )× GF(pr ) and lines
x = c, y = g(x)− g(x − u)+ v; c, u, v ∈ GF(pr )
that admits the following collineation groups:
T : {τv : (x, y)→ (x, y + v); v ∈ GF(pr )} and
W = {ρu : (x, y)→ (x + u, y + g(x)− g(x − u)); u ∈ GF(pr )} .
(2) Conversely, any commutative semi-field plane admits such groups and produces a planar function g defined by
g(x) = x2/2.
To reconcile this theorem with the result showing that a planar function f on W × T produces an affine plane with
lines
x = c, y = f (x − u)+ v, c, u ∈ W, v ∈ T
we merely check that the two planes are isomorphic.
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Theorem 7.6. There is a bijection between planar functions on an elementary Abelian group of order p2r and affine
planes of order pr admitting Abelian collineation groups of order p2r with the elation subgroup having order pr . The
planes may be constructed either using Theorem 7.4 or isomorphically using Theorem 7.5.
7.1. The planes of Coulter–Mathews
Coulter and Mathews [12] provide a complete list of all known planar functions and determine two planar functions
leading to new affine planes, one a commutative semi-field plane and an affine plane admitting precisely one incident
point-line transitivity. Here we are interested in the latter such class of planes.
Theorem 7.7 (Coulter and Mathews [12]). The function f defined on GF(3e) by f (x) = x 3α+12 is a planar function
precisely when (α, e) = 1 and α is odd. The affine plane is not a translation plane or a dual translation plane if α is
not congruent to ±1 mod 2e and has exactly one incident point-line transitivity.
Translation planes may be viewed from a net-theoretic viewpoint and as such, one could ask what sorts of abstract
groups can act as collineation groups of finite nets. Asked in this way, the answer is essentially all groups. However,
the sorts of groups that can actually act on translation planes is quite restricted. In terms of finite projective planes of
order qn , there are basically only two classes that can admit abstract groups such as PGL(3, q), namely the ‘Hughes
planes’ and the ‘Figueroa planes’.
8. The Hughes planes
The following construction is valid for any right nearfield K of order q2 which contains a field isomorphic to
GF(q) in its center. The reader is directed to Chapter 6 of Subplane Covered Nets [38] for more discussion on the
Hughes planes.
Define a point-line geometry pi+ as follows: The ‘points’ of pi+ are the sets
{(x, y, z)a; for all a ∈ K } and (x, y, z) 6= (0, 0, 0).
Considering the 3-dimensional vector space F3 of vectors (x, y, z) over GF(q), there is a cyclic group G of order
q2 + q + 1 acting on the points of pi+. Let L(t) denote the set of points whose ‘vectors’ (x, y, z) satisfy
x + yt + z = 0.
Define the ‘lines’ of pi+ as the sets of points of
{L(t)g; g ∈ G} .
Theorem 8.1 (See, e.g., (6.4), p. 60 of Johnson [38]). The point-line geometry pi+ is a projective plane of order
q2, called the ‘Hughes plane over the nearfield K ’. The restriction to GF(q) produces a Desarguesian projective
subplane pi+0 of order q, which is left invariant by G. Furthermore, the collineation group of pi+ contains a group
isomorphic to PGL(3, q) leaving invariant pi+0 .
Theorem 8.2 (See, e.g., (6.6), p. 61 of Johnson [38]). Let
L(1)
1 0 10 1 1
0 0 1
 = {(x, y,−x,−y)a}
1 0 10 1 1
0 0 1
 = {(x, y, 0)a} .
Let z = 0 denote the line at infinity `∞ and form the affine Hughes plane. There is a representation of the affine plane
with points as elements of K × K and lines as follows:
x = c; c ∈ K
y = xδ + b; δ ∈ GF(q), b ∈ K ,
y = (x − α)m + β; α, β ∈ GF(q),m ∈ K − GF(q).
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The net with lines
x = c; c ∈ K ,
y = xδ + b; δ ∈ GF(q), b ∈ K ,
is a derivable net and the derived plane is called the ‘Ostrom–Rosati’ plane, which has exactly one incident point-line
transitivity.
9. The Figueroa planes
Let pi+ be a Pappian plane coordinatized by the field K that admits a planar collineation α of order 3. Then it turns
out that there the points of pi+ are partitioned into three sets: The fixed points of α, the set of points P such that P ,
Pα and Pα2 are collinear and the set of points Q such that Q, Qα and Qα2 form a triangle. Similarly, we find three
such sets for the lines of pi+. The Figueroa planes may be constructed by modifying the incidence relation of the set
of points and lines in the the triangle sets.
Let MP denote the set of points P such that P , Pα and Pα2 form a triangle and similarly let M` denote the set of
lines ` such that `, `α, `α2 form the sides of a triangle. Define an involution µ interchanging MP and M` by
Pµ = PαPα2, and `µ = `α ∩ `α2.
Now define the new incidence I ∗ to modify the Pappian incidence I as follows:
P I ∗` if and only if `µI Pµ
for all points P ∈ MP and lines ` in M`.
The new structure becomes a projective plane, called the ‘Figueroa plane over K ’.
For example, if K is isomorphic to GF(q3), for any prime power q, where α is the associated mapping (x, y, z)→
(xq , yq , zq). Figueroa initially found the plane of order 33 by a variant of a net replacement procedure. In a series of
seminars with R. Figueroa, R. Pomareda and O. Barriga, it emerged that the construction of Figueroa is valid for all
cubic extensions of finite fields. Then Hering and Schaeffer [22] and Grundho¨fer [21] realized that there is a synthetic
construction which is valid for all cubic extensions of any field. The synthetic form is given here.
Theorem 9.1 (Figueroa [16], Hering–Schaeffer [22] Grundho¨fer [21]). The point-line geometry defined above is a
projective plane. When K is isomorphic to GF(q3) the projective plane, the Figueroa plane has order q3 and admits
a collineation group isomorphic to PGL(3, q) leaving invariant a Desarguesian subplane of order q.
10. Sporadic planes of order 16, 25
There are a variety of interesting planes of order 16, but only one, the Mathon plane cannot be constructed from
known planes, translation planes, Hughes planes, etc., by derivation, dualization or some sort of lifting process.
It turns out that there are 193 known projective planes of order 25, and we know by using computer that there
are 21 translation planes. However, apart from the Mathon plane, there are only two projective planes that so far do
not fall into any recognizable class: the two planes of Moorhouse, which are actually derivates of each other and are
obtained by a process called ‘lifting quotients by involutions’. The two Moorhouse planes are lifted from a ‘quotient’
starting with the regular nearfield plane of order 25. The reader is directed to Moorhouse [45]. It is probable that there
are many such planes of this type, so the reader interested in finding projective planes that are not translation planes
or their duals might focus on the construction process of Moorhouse.
11. The known non-translation planes
It would seem that there must be many finite affine planes that are not translation planes but actually, there are
remarkably few classes.
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Theorem 11.1. The known finite projective or affine planes that are not translation planes are included in the
following list:
Dual translation planes,
Semi-translation planes and their duals
(Derived dual translation planes and their duals),
Planar function planes of Coulter–Mathews,
Hughes planes and irregular Hughes planes,
Ostrom–Rosati planes and their duals
(Derived Hughes planes and their duals),
Figueroa planes,
Mathon planes of order 16 and the dual plane,
The two Moorhouse planes of 25 (derivates of each other).
Now if one considers that dual translation planes and their derivates are so closely connected to translation planes
as to be more or less collected into the same class then we are left with exactly three infinite classes of Hughes,
Figueroa, Coulter–Mathews. Surely there must be many more classes; the reader is invited to find some of them.
12. Transpose, t-extension, dualization, t-distortion
12.1. Transpose
We recall that a ‘spread’ in PG(2n − 1, q) is a set S of mutually skew projective (n − 1)-subspaces such that
each point lies within exactly one element of S. Similarly, a ‘dual spread’ is a set Sd of mutually skew projective
(n − 1)-subspaces such that each hyperplane contains exactly one element of Sd . Hence, under a duality, a spread is
transformed into a dual spread and conversely. But, every finite dual spread is actually a spread relative to the dual
space of the associated vector space. If S is represented in the form
x = 0, y = x M; M ∈ S,
where M is a non-singular n × n matrix over GF(q), then it turns out that the dual spread may be represented
isomorphically by
x = 0, y = x M t ; M ∈ S,
where M t is the transposed matrix of M .
12.2. t-Extension
Let D denote a finite derivable net. It is known by Johnson [38] that any derivable net is a ‘pseudo-regulus’ net,
and when the net is finite, what this means is that the partial spread corresponding to the derivable net is a regulus in
some associated 3-dimensional projective space. This also means that we may represent the derivable net as follows.
Let F be a field isomorphic to GF(q2), containing a field K isomorphic to GF(q). Then the points and lines of the
derivable net are: Points (x, y); x, y ∈ GF(q2), and lines of the following form:
x = c, y = xα + b, c, b ∈ F, α ∈ K .
Let T be a ‘transversal’ to D, that is a set of q2 points of the net such that every line of the net intersects T in a unique
point.
Theorem 12.1 (Johnson [30] (1.7)). Let D be a vector-space derivable net and let T be a transversal. Then there is
a transversal function f on the associated vector space V such that D may be extended to a dual translation plane
with lines given as follows:
x = c, y = f (x)α + xβ + b for all α, β ∈ K and for all b, c ∈ V .
Conversely, any dual translation plane whose associated translation plane has its spread in PG(3, K ) may be
constructed from a transversal function as above.
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Let f (1) = t , we may then coordinatize the structure with multiplication “◦” so that x ◦ t = f (x). In this way, we
say that the derivable net D has been ‘t-extended’. This has a particularly nice form when the associated transversal
function T is a so-called ‘vector-space transversal’. Basically what this means is that T and the components forD may
be represented over an associated vector space. For example, we represent the derivable net in the following matrix
form:
x = 0, y = x
[
B 0
0 B
]
, for all B ∈ K(
y = x
[
T1 T2
T3 T4
])
= (y = xT ) .
When this occurs, the t-extension is also a translation plane. Hence, we have an affine plane that is simultaneously
a translation plane and a dual translation plane. Hence, the t-extension is a semi-field plane. Now take any finite
translation plane pi that admits a derivable net D. Let y = xT be any component of pi outside the net D and the
associated t-extension produces a semi-field plane of order q2. Furthermore, the right nucleus is isomorphic to GF(q).
Let (S,+, ◦) denote a semi-field. We recall the definitions of the left, middle and right nuclei, respectively defined
as follows:
N`(D) := {k ∈ D : k ◦ (d1 ◦ d2) = (k ◦ d1) ◦ d2,∀d1, d2 ∈ D};
Nm(D) := {k ∈ D : d1 ◦ (k ◦ d2) = (d1 ◦ k) ◦ d2,∀d1, d2 ∈ D};
Nr (D) := {k ∈ D : d1 ◦ (d2 ◦ k) = (d1◦)d2 ◦ k,∀d1, d2 ∈ D}.
In the case in question, we have a right nucleus isomorphic to GF(q) in a semi-field of order q2.
12.3. Dualization
Here we consider that (Q,+, ◦) is a quasifield (coordinate structure for a translation plane). We define a coordinate
structure (Q,+, ∗), the dual quasifield, that coordinatizes the plane dual to the associated translation plane as follows:
a ∗ b = b ◦ a.
When the quasifield is a semi-field then the dual quasifield is also a semi-field. In the preceding subsection, we
constructed a semi-field of order q2 with right nucleus GF(q), and it follows that the dual semi-field is a semi-field of
order q2 with left nucleus GF(q). Since the left nucleus of a semi-field corresponds to the projective space containing
the associated spread, we obtain a semi-field spread in PG(3, q). Furthermore, this works in the reverse order:
Semi-field spread in PG(3, q)→ dualization of the semi-field
produces a semi-field of order q2 with right nucleus GF(q), which also implies that the semi-field plane is derivable.
Now connecting this transpose, the following turns out to be true:
Theorem 12.2 (See, e.g., Biliotti, Jha, Johnson [6]). The transpose of a semi-field plane of order q2 with right nucleus
GF(q) is a semi-field plane of order q2 with middle nucleus GF(q).
12.4. t-Distortion
As has been mentioned, Hall constructed a class of translation planes (the ‘Hall’ planes) by modifying the
multiplication of a field, and Albert proved that the Hall planes are those derived from a Desarguesian plane. However,
this process of modification multiplication is much more general.
Let D be a finite derivable net and let y = x ◦ t be an associated vector-space transversal to the net D. We see that
{1, t} is then a right basis for F over K , representing the derivable net with partial spread
x = 0, y = x ◦ α; α ∈ K ,
where x ◦ α just refers to scalar multiplication. Then letting x = x1 + t x2, for xi ∈ K , i = 1, 2, we see that
x ◦ t = g(x1, x2)+ t f (x1, x2),
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for all xi ∈ K , i = 1, 2 and g, f functions from K × K to K . Now for all elements s ∈ F − K , we consider the
following multiplication:
x ◦ s = (ex1 + x2) ◦ s = s f (x1, x2)+ g(x1, x1)
for all xi ∈ K , i = 1, 2. We call the associated coordinate structure the ‘t-distortion’.
Now letting e = tδ + γ , we obtain the multiplication:
(tα + β) ◦ (tδ + γ ) = (tδ + γ ) f (αδ−1, β − αγ δ−1)+ g(αδ−1, β − αγ δ−1),
= tδ f (αδ−1, β − αγ δ−1)+ γ f (αδ−1, β − αγ δ−1)+ g(αδ−1, β − αγ δ−1)
for all α, β, δ 6= 0, γ ∈ K , where x ◦ ρ for ρ ∈ K is the original multiplication.
Theorem 12.3 (Johnson [31]). The t-distortion of a derivable net by a vector-space transversal defines a translation
plane admitting a collineation group of order q(q − 1).
Definition 12.4. A translation plane of order q2 is said to be a ‘generalized Hall plane’ if and only if there is a Baer
subplane of D that is fixed pointwise by a collineation group of order q(q − 1).
Generalized Hall planes are considered by Jha [24], who shows that any such plane is derivable and derives a
semi-field plane of order q2 with middle nucleus GF(q). Hence, we have:
Theorem 12.5. Let S be a semi-field of order q2 and left nucleus GF(q); that is, the spread is in PG(3, q). Then,
dualization, distortion, derivation produces a semi-field of order q2 with middle nucleus GF(q).
Recalling that the transpose of a semi-field of order q2 with middle nucleus GF(q) is a semi-field of order q2 with
right nucleus GF(q) then dualizing this latter semi-field produces a semi-field of order q2 with left nucleus GF(q).
Theorem 12.6. Let pi1 be a semi-field plane with spread in PG(3, q). Consider the following five-step construction
process.
pi1 7−→ dualize 7−→ distort 7−→ derive
7−→ transpose 7−→ dualize 7−→ pi6.
Then pi6 is a semi-field plane with spread in PG(3, q).
Now asking when a translation plane is ‘new’ becomes very problematic. For example, take any translation plane
pi1 with spread in PG(3, q), choose any associated coordinate quasifield and algebraically lift to a spread in PG(3, q2).
We obtain a derivable translation plane. By Johnson [32] any derivable partial spread in PG(3, q) has the general form
x = 0, y = x
[
u 0
0 uσ
]
; u ∈ GF(q),
where σ is an automorphism of GF(q) and in the case previously mentioned σ = √q if q replaces q2. If there is a
vector-space transversal of this derivable partial spread then this spread may be t-distorted or t-extended. But, suppose
that the vector-space transversal also defines a line of the same PG(3, q). Is the t-extension or t-distortion new?
As an example, let us consider only the t-extension and leave the t-distortion problem as more or less open. Let
x ◦ t = x
[
a b
c d
]
; then the t-extension has lines through the origin as
x = c, y = x
[
a b
c d
] [
u 0
0 uσ
]
+
[
v 0
0 vσ
]
; u, v ∈ K ' GF(q).
This defines a semi-field spread with right nucleus{[
u 0
0 uσ
]
; u ∈ K
}
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and with left nucleus{[
u 0
0 u
]
; u ∈ K
}
.
These fields appear different, but since we have mixed notation a bit, it is considered that u ◦ x =
[
u 0
0 u
]
x and
x ◦ u = x
[
u 0
0 uσ
]
. Hence, we have a right and left nucleus equal and isomorphic to GF(q) in a semi-field
(GF(q2),+, ◦).
Now we ask when y = x
[
a b
c d
]
is a transversal function to a derivable net of the form
x = 0, y = x
[
u 0
0 uσ
]
; u ∈ GF(q).
Clearly, this is equivalent to asking if the union of the derivable net and the transversal is a net, which is equivalent to
asking if the determinant of[
a b
c d
]
−
[
u 0
0 uσ
]
is non-zero for all u ∈ K hence, if ad − bc = δ then the requirement is
δ − (ud + uσa)+ uσ+1 6= 0, for all u ∈ K .
So, we have proved:
Theorem 12.7. Let D be a derivable net with partial spread in PG(3, q). Let y = x
[
a b
c d
]
= x ◦ t be a transversal
to D so that
δ − (ud + uσa)+ uσ+1 6= 0, for all u ∈ K .
Then the t-extension is a semi-field with spread as follows:
x = c, y = x
[
a b
c d
] [
u 0
0 uσ
]
+
[
v 0
0 vσ
]
; u, v ∈ K ' GF(q),
y = x
[
au + v buσ
cu duσ + vσ
]
.
Actually, all of these planes are known planes, as the following result of Jha and Johnson [28] points out.
Theorem 12.8. Let pi`∞ be a semi-field plane of order q2 that admits two homology groups of order q−1 with distinct
axes and coaxes. Then pi is one of the following:
(1) A Hughes–Kleinfeld plane,
(2) A dual of a Hughes–Kleinfeld plane,
(3) A transpose of a Hughes–Kleinfeld plane, or
(4) A Desarguesian plane.
Noting that we have two affine homology groups of order q − 1, we have the following result:
Theorem 12.9. The t-extension of a finite derivable net with partial spread in PG(3, q) by a transversal which is a
line of PG(3, q) is a Hughes–Kleinfeld plane.
13. Semi-field flocks of quadratic cones
A flock of a quadratic cone in PG(3, q) is simply a covering of the non-vertex points of a quadratic cone by a set of
q conics. It is well known that flocks of quadratic cones are equivalent to translation planes of order q2 with spreads in
PG(3, q) that are unions of reguli sharing one component. Furthermore, by Gevaert and Johnson [19] and by Gevaert,
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Johnson and Thas [20] conical flocks and such translation planes are equivalent. A flock is said to be a ‘semi-field
flock’ if and only if the associated translation plane is a semi-field plane: a semi-field flock plane. Now consider our
five-step construction procedure:
Theorem 13.1. Let pi1 be a semi-field plane with spread in PG(3, q). Consider the following five-step construction
process.
pi1 7−→ dualize 7−→ distort 7−→ derive
7−→ transpose 7−→ dualize 7−→ pi6.
Then pi6 is a semi-field plane with spread in PG(3, q).
If pi1 is a semi-field flock plane then pi6 is a symplectic spread, by which we mean that there is an associated
symplectic polarity such that the 2-dimensional subspaces of the spread are totally isotropic subspaces. This actually
turns out to be equivalent to the spread being strongly self-transpose in the sense that M t = M , for all M of the matrix
spreadset.
Theorem 13.2 (Biliotti, Jha, Johnson [7]). Let S be a semi-field flock spread in PG(3, q).
(1) Then applying the following sequence of construction operations produces a symplectic semi-field spread Ssym
in PG(3, q):
S(flock) 7−→ dualize 7−→ distort 7−→ derive
7−→ transpose 7−→ dualize 7−→ Ssym(symplectic).
(2) Let Ssym be a symplectic semi-field whose spread is in PG(3, q). Then applying the following sequence of
constructions produces a semi-field flock spread in PG(3, q):
Ssym(symplectic) 7−→ dualize 7−→ transpose 7−→ derive
7−→ extend 7−→ dualize 7−→ S(flock).
Definition 13.3. Let S be a semi-field flock spread and let Ssym denote the associated symplectic semi-field spread
constructed and connected as in the above theorem. In either case, the remaining semi-field is the ‘5th cousin’ of
the former. Thus, the 5th cousin of a symplectic semi-field spread in PG(3, q) is a semi-field flock spread and the 5th
cousin of a semi-field flock spread is a symplectic semi-field spread. More generally, any two spreads constructed from
one another by i-iterations of the construction techniques of dualization, transpose, derivation, extension, dualization
are said to be ‘i th cousins’.
14. Hermitian ovoids
We have noted that every spread in PG(3, q) can be constructed from a transversal to a derivable net as follows:
Every spread in PG(3, q) corresponds to a translation plane of order q2 and kernel GF(q), which in turn defines by
dualization a dual translation plane which can be realized as a t-extension of a derivable net. There is a parallel theory
of indicator sets. However, there are connections with transversals to derivable nets with certain Hermitian ovoids,
which is an amazing coincidence.
The following discussion is adapted from Johnson [29].
14.1. Indicator sets
Consider a 4-dimensional vector space V over a field K isomorphic to GF(q). Form the tensor product of V with
respect to a quadratic field extension F of K , F isomorphic to GF(q2), V ⊗K F . If we form the corresponding lattices
of subspaces to construct PG(3, F), we will have a PG(3, K ) contained in PG(3, F), such that, with respect to some
basis for V over K , (x1, x2, y1, y2), for x1, x2, y1, y2 ∈ K represents a point homogeneously in both PG(3, K ) and
PG(3, F). The Frobenius automorphism mapping defined by
ρq : (x1, x2, y1, y2) 7−→ (xq1 , xq2 , yq1 , yq2 )
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is a semi-linear collineation of PG(3, F) with set of fixed points exactly PG(3, K ). We use the notation Zq =
(x1, x2, y1, y2)q = (xq1 , xq2 , yq1 , yq2 ). Finally, choose a line PG(1, K ) within the given PG(2, K ) in the analogous
manner so that there is a corresponding PG(1, F). Hence, we have
PG(1, K ) ⊆ PG(3, K ),
PG(1, K ) ⊆ PG(1, F) ⊆ PG(2, F).
Now choose a PG(2, F) such that PG(2, F) ∩ PG(3, K ) = PG(1, K ). For example, take PG(2, F) as the lattice
arising from the 3-dimensional vector space
〈(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, e)〉 ; e ∈ F − K .
Furthermore, 〈Z , Zq〉 ∩ V/K is a 2-dimensional K -vector subspace for all Z ∈ PG(2, F)− PG(1, F).
Definition 14.1. A space PG(2, F) with the above properties (i.e., contains PG(1, K ) ⊆ PG(1, F),PG(2, F) ∩
PG(3, K ) = PG(1, K ) so 〈Z , Zq〉 ∩ PG(3, K ) is a line skew to PG(1, F), for Z ∈ PG(2, F) − PG(1, F)) is called
an ‘indicator space’.
Definition 14.2. Let PG(2, F) be an indicator space within PG(3, F). An ‘indicator set’ I of PG(2, F) is a set of q2
points in PG(2, F)− PG(1, F) such that the line AB, for all A 6= B ∈ I , intersects PG(1, F)− PG(1, K ). Note that
〈A, Aq〉 now becomes a line of PG(2, F), which intersects PG(3, K ) in a line skew to PG(1, F).
Result 14.3. If PG(2, F) is an indicator space then PG(2, F)q is an indicator space such that PG(2, F)q ∩
PG(2, F) = PG(1, F). Hence, if I is an indicator set, then for A 6= B of I , 〈A, B〉 ∩ 〈A, B〉q is a point of
PG(1, F)− PG(1, K ).
We then arrive at the following fundamental theorem.
Theorem 14.4. If I is an indicator set then{〈
A, Aq
〉 ∩ PG(3, K ); A ∈ I} ∪ PG(1, K )
is a spread of PG(3, K ).
Now we consider the affine version of the above result with a different visual image. Consider a finite derivable
net. Hence, there is an ambient 4-dimensional vector space V over a field K isomorphic to GF(q) such that the
derivable net, when affinely presented, corresponds to PG(1, q) on a Desarguesian line PG(1, q2) and may be given
the following partial spread representation:
N : x = 0, y = xα; α ∈ K ' GF(q)
and we may consider the Desarguesian affine plane of order q2, coordinatized by a quadratic field extension F ⊇ K
and isomorphic to GF(q2). Now take an indicator set I of q2 ‘affine’ points. Without loss of generality, take I to
contain the zero vector of the associated vector space. Take any line of the derivable net (regulus net) N , either
y = xα + b, for α ∈ K and b ∈ F , or x = c, for c ∈ F . Consider the points Ai , i = 1, 2, . . . , q2, of I , fix a point A1
and consider the Desarguesian lines A1 Ai , i = 2, 3, . . . , Aq2 . We know that these Desarguesian lines do not lie on a
parallel class of N and each line must intersect each line of a parallel class of N in a unique point. Let λ be a parallel
class of N and let ` be a line of λ. There are q2 lines of λ each of which can contain at most one line of I , since I
is an indicator set. However, on a given Desarguesian line A1 Ai , there are at least two lines of λ, say `1 and `i , each
of which shares exactly one point of I . Now consider A1 A j , for i 6= j , and let ` j share A j . If `i = ` j , we have the
obvious contradiction. Hence, there are q2 − 1+ 1 different lines of λ that intersect I in exactly one point. Hence, we
obtain a transversal to a derivable net.
Clearly, an indicator set provides a transversal to a derivable net and hence produces a dual translation plane pi
whose dual translation plane has a spread in PG(3, K ), and the converse is also valid.
Assume that T is a transversal to a finite derivable net. Think of the scenario depicted previously, so we may
consider T to be a set of q2 points of a Desarguesian affine plane coordinatized by a field F ⊇ K , where K is
a field isomorphic to GF(q), which coordinatizes the derivable net as a regulus net. We have a natural associated
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4-dimensional K -vector space V in which the derivable net N lives and a natural 3-dimensional projective space
PG(3, K ). Form V ⊗K F and construct the natural 3-dimensional projective space PG(3, F) containing PG(3, K ),
think of the Desarguesian affine plane projectively as a PG(2, K ) and embed this within PG(2, F) contained in
PG(3, F) so that PG(2, F) − PG(1, F) (the original line at infinity) contains no points of PG(3, K ). Consider two
distinct points A and B of T . Suppose that the Desarguesian line AB is in a parallel class of the derivable net N .
Then there is a line of the net N which contains two points of the transversal, a contradiction. Hence, AB intersects
‘outside’ and hence in PG(1, F)− PG(1, K ). That is, a transversal to a derivable net produces an indicator set.
From a transversal to a derivable net, we construct the dual translation plane, dualize the dual quasifield and
determine a spread in PG(3, q), which we call the ‘transversal spread’.
Theorem 14.5 (Also See Bruen [9]). Finite indicator sets of PG(2, q2) are equivalent to transversals to derivable
nets. The quasifield for the indicator spread and the quasifield for the transversal spread are transposes of each other.
14.2. Hermitian Ovoids
Definition 14.6. Let V2k be a 2k-dimensional vector space over a field L isomorphic to GF(q2). A ‘Hermitian form’
is a mapping s with the following properties:
s : V2k ⊕ V2k 7−→ L ,
s(x + w, y + z) = s(x, y)+ s(w, y)+ s(x, z)+ s(w, z)
s(cx, dy) = cdqs(x, y) and s(x, y) = s(y, x)q
s(x0, V2k) = 0, implies x0 = 0 (i.e., a ‘non-degenerate Hermitian form’).
Now assume that k = 2.
Given a Hermitian form (non-degenerate), given a vector subspace S, form Sδ as follows:
Sδ = {v ∈ V ; s(v, S) = 0} .
Then the mapping
S 7−→ Sδ
is a polarity of the associated projective 3-space PG(3, q2), which is said to be a ‘Hermitian polarity’ or ‘unitary
polarity’. The subgroup of Γ L(4, q2) which preserves the Hermitian form is called the ‘unitary group’. This group is
denoted by ΓU (4, q2). The associated group ΓU (4, q2)/ZΓU (4, q2) is called the ‘projective unitary group’.
Definition 14.7. A subspace S is said to be ‘totally isotropic’ if and only if
S ∩ Sδ = S.
In PG(3, q2), the sets of totally isotropic points and totally isotropic lines form the point-line geometry H(3, q2), the
‘Hermitian surface’.
Projectively there is a canonical form for H(3, q2):{
(x1, x2, x3, x4); x1xq4 + x2xq3 + x3xq2 + x4xq1 = 0
}
.
An ‘ovoid’ in this setting is a set of q3 + 1 points of H(3, q2) which forms a cover of the set of totally isotropic
lines.
For any two points A and B of H(3, q2) then the line AB contains q + 1 or q2 + 1 points of H(3, q2). A ‘tangent
line’ to a point C of H(3, q2) is a line containing exactly one point of H(3, q2).
Definition 14.8. A ‘tangent plane’ to H(3, q2) at a point P of H(3, q2) is the image plane of a point under the
associated polarity. This plane will intersect H(3, q2) in exactly q + 1 lines of H(3, q2) incident with P .
Remark 14.9. Given a plane Π of PG(3, q2), then Π intersects H(3, q2) either at a point, a line, a unital or is a
tangent plane. Hence, if a plane intersects in a line at points not on that line, then the plane is a tangent plane.
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By Johnson [35], we consider the combinatorial structure of ‘P-points’ as lines of N and ‘P-lines’ as points of
D considered as the set of intersecting lines. Furthermore, we call the parallel classes of N the ‘P-hyperplanes.
We embed this structurally in a projective 3-space PG(3, q) by adjoining a line L to all P-hyperplanes. In this way, a
derivable net of parallel classes, lines, and points becomes the set of hyperplanes of PG(3, q) incident with a particular
line L , points of PG(3, q) − L , and lines of PG(3, q), that are skew to L . In this model, T becomes a set of lines of
PG(3, q) whose union with L is a spread. It turns out that this spread is isomorphic to the transversal spread and is
the transposed spread of the associated indicator spread, in the sense of transposing the quasifields.
If we consider the corresponding PG(2, F) and consider T as an indicator set, form the dual plane again isomorphic
to PG(2, F) so that T is now a set of q2 lines with the property that the join or any two distinct ‘lines’ A and B does
not intersect the dual of PG(1, K ). Note that we may consider the PG(1, K ) as a ‘Hermitian line’. This means that if
we dualize Π = PG(2, F), we find that Π ∩ H(3, q2) = ∆ is a set of q + 1 lines and the dual of T , T D , is a set of
q2 lines that do not contain the point Q, which is the PG(1, F), with the property that no two intersect on a line of∆.
Such a set of lines is said to be a ‘Shult set’ [52]. Shult sets are equivalent to certain ovoids of H(3, q2).
Definition 14.10. An ovoid Φ of H(3, q2) is a set of q3 + 1 points that cover the set of totally isotropic lines of
PG(3, q2) (each totally isotropic line is incident with exactly one point of Φ). Note that there will be exactly q + 1
totally isotropic lines incident with each point. Choose any two distinct points Q and Z of Φ: then there are q + 1
points of H(3, q2) on the line Q Z . If for a fixed point Q and for all Z ∈ Φ, the points on Q Z are in Φ, we call Φ a
‘locally Hermitian’ ovoid with respect to Q. If a locally Hermitian ovoid with fixed point Q admits a group leaving
H(3, q2) invariant, fixing all lines of H(3, q2) incident with Q and which acts transitively on the remaining points of
the ovoid, we say that the ovoid is a ‘translation ovoid’ (i.e., a ‘locally Hermitian translation ovoid).
For the Shult set T D arising from the indicator set T , take the set of polar lines T Dδ , with respect to the Hermitian
polarity δ. Shult [44] shows that T Dδ is a set of q2 lines incident with Q, such that there are q + 1 points of H(3, q2)
on each such line and the union of this set of points of H(3, q2) forms a locally Hermitian ovoid. Conversely, any
locally Hermitian ovoid of H(3, q2) forms a Shult set, which dualizes to an indicator set, which constructs an indicator
spread. Furthermore, if the original indicator set is a vector-space transversal then the constructed locally Hermitian
ovoid admits a collineation group which fixes all lines of Q and acts transitively on the remaining point of the ovoid,
that is, the locally Hermitian ovoid becomes a translation ovoid.
Hence, we have the following theorem.
Theorem 14.11. (1) Locally Hermitian ovoids of H(3, q2) are equivalent to transversals of finite derivable nets; one
constructs the other.
(2) The associated indicator spread is a semi-field spread if and only if the locally Hermitian ovoid is a translation
ovoid.
15. Subregular planes and subregular lifting
We now consider some fundamental translation planes, the ‘subregular planes’, which are those obtained by the
multiple derivation of a set of mutually disjoint reguli in an affine Desarguesian affine plane of order q2. We have
seen that it is quite easy to generate translation planes by the processes of dualization, transpose, t-extension and
t-distortion, even though we have not actually constructed very many specific planes.
In this section, we will begin by asking a fundamental question: If somehow, say by using the computer, you
are able to find a subregular plane of a particular order, say order 81, this might be interesting but you would now
want to know if there is an infinite class of subregular planes containing this particular plane. This is probably hard!
But, another way of asking this question is to ask if there is another subregular plane of larger order containing the
given subregular plane as a subplane. For example, could there be a subregular plane of order 81t containing the
given plane as a subplane? Although this problem sounds harder, it is actually easier, if one simply thinks to extend
the field GF(81) to a field GF(81t ), constructing two Desarguesian planes with the one of order 81t containing the
Desarguesian plane of order 81 as a subplane. Now the trick to construct the bigger subregular plane is to somehow
embed the reguli for the Desarguesian plane of order 81, calling these the ‘little reguli’, to reguli of the Desarguesian
plane of order 81t , calling these the ‘big reguli’. The question is, do two mutually disjoint little reguli actually ‘lift’
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up to two mutually disjoint big reguli? Now the interesting fact is that if t is odd, the answer is always ‘yes’! The
following results are due to Johnson.
Theorem 15.1. Let Σq2 be a Desarguesian affine plane of order q
2 coordinatized by a field Kq2 isomorphic to
GF(q2). Let Sk = {Di ; i = 1, 2, . . . , k} be a set of reguli.
If s is odd then there is a unique set Ssk = {Ri ; i = 1, 2, . . . , k} of k reguli of Σq2s such that
(1) Ri ⊇ D+i and
(2) Ri ∩ R j = D+i ∩ D+j and the components of D+i ∩ D+j are extensions of Di ∩ D j .
Theorem 15.2. If Sk is a set of k mutually disjoint reguli in Σq2 and s is odd then S
s
k is a set of k mutually disjoint
reguli in Σq2s .
Theorem 15.3. (1) Let Sk denote a set of mutually disjoint reguli in Σq2 and let GSk denote the subgroup of
Γ L(2, q2) that permutes the reguli of Sk . Let Ssk denote the corresponding set of mutually disjoint reguli in
Σq2s , for s odd. Then there is a corresponding group GSsk of Γ L(2, q
2s) and acting as a permutation group of the
reguli of SSk that is isomorphic to GSk , as a permutation group.
(2) Let pik denote the subregular translation plane obtained by the derivation of Sk and let pi sk denote the subregular
translation plane obtained by the derivation of Ssk .
(a) Then pik admits GSk as a collineation group and pi
s
k admits GSsk ' GSk as a collineation group.
(b) If s > 1 and k > 1 then the full collineation group of pi sk , is the group permuting the k reguli.
(c) Central collineation groups of pik that permute the reguli of Sk extend to central collineation groups of pi sk
that permute the reguli of Ssk .
(d) Baer collineation groups of pik that permute the reguli of Sk extend to Baer collineation groups of pi sk that
permute the reguli of Ssk .
Corollary 15.4. If pik is a subregular spread constructed from Σq2 by the derivation of a set Sk of k mutually disjoint
reguli, then if s is odd, there is a corresponding subregular spread pi sk constructed from Σq2s by the derivation of a
set Ssk of k mutually disjoint reguli each of which is uniquely defined and contains exactly one of the reguli of Sk-
extended; any subregular spread of Σq2 may be lifted to a subregular spread of Σq2s , for s odd. Furthermore, pi
s
k of
order q2s contains pik as a subplane of order q2.
Corollary 15.5. Let {1, si ; i = 1, 2, . . .} be a set (possibly infinite) of odd positive integers 1 < si and such that
si < si+1 for si+1 = si ti , for ti > 1. Let pi1k be a subregular spread of order q2. Then there exist subregular spreads
pi
si
k of order q
2si such that pi si+1k may be lifted from pi
si
k and pi
s1
k may be lifted from pi
1
k . For any given subregular
spread pi sNk , there is a chain of N proper subplanes
pi1k ⊆ pi s1k ⊆ pi s2=s1t1k ⊆ · · · ⊆ pi sN−1k .
Theorem 15.6. Let pik be a subregular plane of order q2 with spread in PG(3, q) and let pi sk be a lifted plane of order
q2s , for s odd, with spread in PG(3, qs). Then, pi sk admits exactly (q
2s−1)/(q2−1) subplanes isomorphic to pik in an
orbit under Zq2s−1Gpik where Zq2s − 1 is the kernel homology group of the associated Desarguesian plane of order
q2s , where Gpik is the subgroup of pi
∗
k that leaves pik invariant.
So, one randomly found subregular plane automatically determines many infinite classes of such planes. For
example, any Hall plane of order 9 then automatically produces Hall planes of orders 9s , for any s odd. Actually, there
are a number of subregular planes that are known only for sporadic orders. The reader is directed to the Handbook of
Finite Translation Planes for all known subregular planes.
Definition 15.7. Any subregular plane of order q2 can be ‘lifted’ to a subregular plane of order q2s , for s odd,
containing the given plane as a subplane. This construction process is called ‘subregular lifting’.
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16. Derivable subregular planes
We have seen in a previous section on algebraic lifting that it is possible to begin with any spread in PG(3, q)
and construct a derivable translation plane with spread in PG(3, q2). The spread for the new plane is of the following
general form:
x = 0, y = x
[
u F(t)
t uq
]
; u, t ∈ GF(q2),
for a function F : GF(q2)→ GF(q2), such that F(0) = 0. Now consider the following partial spread D:
x = 0, y = x
[
u 0
0 uq
]
; u ∈ GF(q2).
D is a derivable partial spread which is not a regulus in PG(3, q2). Derivation constructs a translation plane of order
q4 with spread in PG(7, q).
If we consider an underlying Desarguesian affine plane Σ of order q4 and identify the points of Σ and pi , then the
spread for Σ may be taken as
x = 0, y = xm; m ∈ GF(q4)
and we consider that GF(q4) is an extension of the kernel of pi , which is isomorphic to GF(q2), then we may also
regard certain components (lines) of pi and Σ to be the same. In particular for every algebraically lifted plane pi , we
see that pi ∩ Σ contains the following partial spread:
x = 0, y = x
[
u 0
0 uq
]
; u ∈ GF(q2) and uq = u,
which is isomorphic to PG(1, q).
Actually, the form for finite derivable partial spreads in PG(3, q) of order q2 is shown in Johnson [32] to be as
follows: There is a fixed automorphism σ of GF(q) such that coordinates may be chosen so that the derivable partial
spread Dσ has the following matrix form:
x = 0, y = x
[
u 0
0 uσ
]
; u ∈ GF(q),
Dσ is a regulus partial spread if and only if σ = 1.
Furthermore, derivation of Dσ of a spread pi containing it produces a translation plane of order q2 with kernel the
fixed field of σ . Note that each of these derivable partial spreads Dσ shares at least three components with both pi−Σ
and Σ − pi , where Σ is the underlying Desarguesian plane sharing the points of pi .
So this is the sense in which we consider subregular translation planes pi to be derivable: there must be a derivable
net whose partial spread D shares at least three components with both pi −Σ and Σ −pi , where Σ is a corresponding
Desarguesian affine plane. We have noted that this sort of situation is extremely common, since this is always the case,
whenever the derivable net is not a regulus net. So, to require that a subregular plane be derivable, it would seem that
not much can be said.
There is a class of planes originally considered by Ostrom [47], of order q2 = h4, h congruent to 3 mod 4, that
admits SL(2, h) as a collineation group by the multiple derivation of h(h − 1)/2 mutually disjoint derivable nets.
Foulser [18] then gave a different construction which was valid for all odd orders h4. We give Foulser’s construction
in an individual section. These planes are called the ‘Foulser–Ostrom’ planes of order h4. The spreads for these planes
pi actually contain a derivable partial spread D which intersects the associated Desarguesian affine components of Σ
outside pi in a set which is isomorphic to the projective line PG(1, h) and has h2 − h components in pi − Σ .
Let Σ denote the Desarguesian affine plane coordinatized by a field GF(h4), with spread
x = 0, y = xm; m ∈ K ' GF(q2).
Let σ : (x, y) 7−→ (xh, yh) acting in Σ . Let GF(q) ∪ (∞) = Rq denote the standard regulus;
x = 0, y = xα; α ∈ GF(q),
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and let Rh denote
x = 0, y = xα; α ∈ GF(h).
Then σ has orbits of lengths 2 on Rq
2 − Rq and 4 on Σ − Rq2 . Assume that q is odd. There is a unique regulus
S{P,σ (P)}, where P is in Rq
2 − Rq . Foulser [18] shows that⋃
S{P,σ (P)}
is a set of h(h−1)/2 mutually disjoint reguli in Σ which are in an orbit under SL(2, h). The corresponding translation
plane is called the ‘Foulser–Ostrom’ plane pi of order h4. Note that since the plane is obtained by multiple derivation,
the kernel homology group Zh4−1 of Σ acts as a collineation group of pi . Hence, the Foulser–Ostrom plane of order
h4 admits SL(2, h)Zh4−1, where the product is a central product by Z2. Furthermore, the kernel is GF(h2).
16.1. Coordinate representation
There is a coordinate representation of the Foulser–Ostrom planes of order q2 = h4.
Let Σ be of order q2, where h4 = q2. Any 2-dimensional GF(q)-subspace which is not a component of Σ and
which is disjoint from the component of Σ represented as x = 0 has the form y = xa + xqc, where a, c 6= 0 in
K . Now each such 2-dimensional GF(q)-subspace defines a unique regulus net of Σ where the opposite regulus of
this net is the image of y = xa + xqc, under the kernel homology group of Σ , whose elements are of the form
(x, y) 7−→ (xd, yd); d ∈ K − {0}. The image set (the opposite regulus components) of y = xa + xqc, under the
kernel homology group, is{
y = xa + xqcd1−q; d ∈ K − {0}
}
.
The Foulser–Ostrom planes of odd order q2, s = h2, have the following spreads:{
x = 0, y = xa + xqbcd1−q; a, c ∈ GF(h), d ∈ GF(q2)∗, b = ωh+1
}
,
where ω is a primitive element of GF(q2). Now define the following set:{
x = 0, y = xa + xqbc; a, c ∈ GF(h); b = ωh+1
}
.
This is a derivable partial spread, which defines a derivable net D.
It is possible to use this sort of coordinate structure to determine the general structure of derivable subregular
spreads. The following general theorem gives the structure of all possible derivable subregular planes.
Theorem 16.1 (Johnson [41]). Let pi be a derivable subregular translation plane of order q2 and kernel K
isomorphic to GF(q) that admits a derivable net D that lies over both pi and Σ in the sense that D shares at least
three components with pi − Σ and with Σ − pi and which is minimal with respect to derivation.
Then there is a non-identity automorphism σ of K such that the spread Spi for pi has the following form, where
{1, e} is a basis for a quadratic extension K+ of K (let Fix σ denote the fixed field of σ in K ):
(1) If q is even,
Spi =
{
y = x(u + e(uσ + u))+ xqd1−qe(uσ + u); u ∈ K − Fix σ, d ∈ K+ − {0}
}
∪ (pi ∩ Σ ).
The corresponding regulus nets in Σ are
Ru =
{
y = x(d1−qe(uσ + u))+ (u + e(uσ + u)); d ∈ K+ − {0}
}
,
for fixed u not in Fix σ .
(2) If q is odd,
Spi =
{
y = x
(
u + uσ
2
)
+ xqd1−q
(
u − uσ
2
)
; u ∈ K − Fix σ, d ∈ K+ − {0}
}
∪ (pi ∩ Σ ).
450 N.L. Johnson / Discrete Mathematics 309 (2009) 430–461
The corresponding regulus nets in Σ are
Ru =
{
y = x
(
d1−q
(
u − uσ
2
)
+
(
u + uσ
2
))
; for fixed u ∈ K − Fix σ ; d ∈ K+ − {0}
}
.
(3) The translation plane obtained by derivation of D has order q2 and kernel Fix σ .
(4) There are exactly (q − Fix σ)/(2, q − 1) mutually disjoint regulus nets of Σ that are derived to construct pi .
(5) There is a collineation group isomorphic to SL(2,Fix σ), generated by elations that acts on the plane pi .
(6) There is a collineation group isomorphic to SL(2,Fix σ), generated by Baer collineations that act on the plane
pi∗ obtained by derivation of D.
(7) The regulus nets Ru in Σ form an exact cover of PG(1, q) − PG(1,Fix σ) and each regulus in Σ intersects
this set in exactly 2/(q, 2) points, namely y = xu and y = xuσ when q is odd and y = xu for q even, u 6= uσ . Each
regulus net in pi intersects D − Σ in exactly 2/(q, 2) points.
Although it appears that this is a very general result, it is possible to use this structure theorem to completely
determine all possible planes.
Theorem 16.2 (Johnson [41]). Let pi be a derivable subregular plane of order q2 with derivable net D that lies over
both the plane pi and the associated Desarguesian plane Σ , in the sense that D shares at least three components with
each of pi − Σ and Σ − pi . Then q is a square h2 and pi is the Foulser–Ostrom plane of odd order h4 = q2.
17. Fano configurations in subregular planes
We end our discussion on subregular planes by consideration of a fundamental question considering ‘Fano’
configurations, which are basically simply projective subplanes of order 2 within a finite projective plane.
In 1954, Hanna Neumann [46] showed, using coordinates, that in any ‘projective’ Hall plane of odd order, there
is always a projective subplane of order 2—a Fano plane. If one considers the maximal possible cardinality set of
q − 1 disjoint regulus nets then a multiple derivation of all of these nets leads to another Desarguesian plane. Hence,
it is not true that any subregular plane admits Fano configurations. But is there any reason that odd-order subregular
planes cannot always contain Fano configurations? To see why this might be so, consider a Desarguesian affine
plane Σ , extend to the projective case, and fix one point (∞) of a quadrangle ABC D of Σ . The cross-joins of the
quadrangle will automatically be non-collinear, if Σ has odd order. However, if these three points are all points of a
replacement subspace of an Andre´ net, then replacement of this net will produce a subregular plane (actually a Hall
plane) of odd order that admits Fano configurations. So, the idea would be to take any set of mutually disjoint reguli
in a Desarguesian affine plane, take a quadrangle with one infinite point and ensure that the cross-joins belong to a
replacement subspace of one of these reguli. If we then replace all of the reguli, it is necessary to make sure that what
are called lines before are still lines after the multiple derivation. For planes of order q2, replace t reguli. When t is
less than or equal to roughly a quarter of the possible (q − 1) then such planes always admit Fano configurations.
The following results are due to Fisher and Johnson [17].
Theorem 17.1 (“The 1/4-Theorem” Fisher and Johnson [17]). Let Σ be a Desarguesian affine plane of odd order
q2 and let Λ be a set of k + 1 disjoint reguli. Let pi denote the translation plane obtained by a multiple derivation
replacement of the reguli. If k + 1 < (q+1)4 then the projective extension of pi contains a Fano configuration.
For Andre´ planes the above result can be strengthened to conclude that if the number of disjoint reguli is< 3 (q−1)8 ,
then again the plane admits a Fano configuration.
Now the following wonderful result combining subregular lifting with the above 1/4-theorem is obtained:
Theorem 17.2 (Fisher and Johnson [17]). Let pi1 be any subregular plane of odd order q2. Then there exist
subregular planes pis of order q2s for any odd integer s > 1 containing pi1 as a subplane such that pis admits
Fano configurations.
Here is a conjecture that someone should be able to show is false—but just barely.
Conjecture 17.3. Every non-Desarguesian finite projective plane contains a Fano configuration.
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18. Lifting constructions
Previously, we have discussed ‘algebraic lifting’ and ‘subregular lifting’ and here we discuss another construction
called ‘geometric lifting’.
We note that with ‘algebraic lifting’ (to properly distinguish from geometric lifting) which constructs from any
spread in PG(3, q) a spread in PG(3, q2), and with the general form, we noted that there is a derivable partial spread
of the following form:
x = 0, y = x
[
uq 0
0 u
]
; u ∈ GF(q2).
We have noted that there are exactly two Baer subplanes incident with the zero vector that are GF(q2)-subspaces, but
all such Baer subplanes are GF(q)-subspaces. What this means is that if such a translation plane is derived the derived
spread is not any longer in PG(3, q), but is actually in PG(7, q). Also, we see that there is a sort of reverse process of
construction of a spread in PG(3, q) from a spread of a given form in PG(3, q2), which we call ‘retraction’ or perhaps
‘algebraic retraction’.
18.1. Geometric lifting
This material is taken primarily from the Handbook of Finite Translation Planes but in much more modified form.
In the text by Hirschfeld and Thas [23], there is given a construction of finite spreads, and hence, finite translation
planes, from either Baer subgeometry partitions or mixed subgeometry partitions of a finite projective space. The
partitions are the points of finite projective geometries Σ over GF(q2). When Σ is isomorphic to PG(2m, q2), the
partition components are Baer subgeometries isomorphic to PG(2m, q). When Σ is isomorphic to PG(2n − 1, q2),
n > 1, it is possible to have a so-called ‘mixed’ partition of βPG(n−1, q2)’s and αPG(2n−1, q)’s. The configuration
is such that α(q + 1)+ β = q2n + 1.
The interest in such partitions lies in the fact that they may be used to construct spreads and hence translation planes.
Baer subgeometry partitions produce translation planes of order q2m+1with kernel containing GF(q), whereas mixed
partitions produce translation planes of order q2n and kernel containing GF(q). The process is called ‘geometric
lifting’ in Johnson [39]. Hirschfeld and Thas constructed some mixed partitions of PG(3, q2), which turn out to
construct Andre´ spreads of order q4. The main unanswered question is what spreads may be constructed using
geometric lifting. For example, there does not seem to be a direct connection between spreads in PG(3, q) and
translation planes of order q2 and subgeometry partitions of PG(3, q2) since partitions produce translation planes
of order q4. Or rather to directly construct a translation plane of order q2 with spread in PG(3, q) from a subgeometry
partition, we would need that n = 1, which is prohibited in the geometric lifting construction, but see below for an
attempt at such constructions when n is indeed chosen to be 1.
In Johnson [39], the question was considered as to how to recognize spreads that have been geometrically lifted
from Baer subgeometry or mixed subgeometry partitions of a finite projective space. It was found that the intrinsic
character is that the translation plane has order q t with subkernel K isomorphic to GF(q) and admit a fixed-point-
free collineation group (on the non-zero vectors) which contains the scalar group K ∗, written as G K ∗, such that
G K ∗ union the zero mapping is a field isomorphic to GF(q2) (see Johnson [39] and Johnson–Mellinger [43]). With
such a recognition theorem on such collineation groups, it is then possible to ‘retract’ such a translation plane or
spread to construct a variety of Baer subgeometry or mixed subgeometry partitions of an associated projective space
written over G K as a quadratic field extension of K . To construct spreads in PG(3, q) directly requires subgeometry
partitions of PG(1, q2), which of course are simply lines, PG(1, q)’s. In this case, there will be a collineation group
in the associated translation plane of order q2− 1, which will fix all components; that is, the translation plane of order
q2 has GF(q2) as a kernel homology group, so only the Desarguesian plane may be so constructed.
Hence, it would seem that the only spreads that can be obtained from a mixed subgeometry partition of PG(3, q2)
are those spreads corresponding to translation planes of order q4 that admit the required ‘field group’ of order q2− 1.
However, there is also an algebraic construction procedure for spreads which is called ‘algebraic lifting’ (or more
simply ‘lifting’ in Johnson [37]) by which a spread in PG(3, q)may be lifted to a spread in PG(3, q2). More precisely,
this construction is a construction on the associated quasifields for the spread and different quasifields may produce
different algebraically lifted spreads. The reverse procedure of constructing spreads in PG(3, q) from certain spreads
452 N.L. Johnson / Discrete Mathematics 309 (2009) 430–461
in PG(3, q2) is called ‘algebraic contraction’. This material is explicated in Biliotti, Jha and Johnson and the reader is
referred to this text for additional details and information (see [6]).
Now apart from the name, there should be no connection between geometric lifting from a subgeometry partition of
a projective space to a spread and algebraic lifting from a subspace partition of a vector space to a spread. On the other
hand, when a spread in PG(3, q) is algebraically lifted to a spread in PG(3, q2), it turns out that there is a suitable
field group of order q2 − 1, from which such an algebraically lifted spread of order q4 can be produced from a mixed
subgeometry partition. This spread in PG(3, q2) begins its existence as a spread in PG(7, q), but actually has kernel
isomorphic to GF(q2). This means that our original spread in PG(3, q) may be constructed by a two-step procedure
from a mixed subgeometry partition of PG(3, q2). Previously, in Johnson and Mellinger, this idea of producing a
spread from a series of construction methods is considered, where it is pointed out that one may algebraically lift
any spread in PG(3, q) to a spread in PG(3, q2), which is actually derivable. The derived translation plane produces a
spread in PG(7, q), and the associated plane admits a field group (the original kernel group of the spread in PG(3, q2)),
which may be used to produce a mixed subgeometry partition of PG(3, q2). Then the construction procedure to obtain
the original spread requires a three-step procedure: geometric lifting—derivation—algebraic contraction.
However, Johnson and Jha [25] note the following fundamental connection:
Theorem 18.1 (Johnson and Jha [25]). Let S be any spread in PG(3, q). Then there is a mixed subgeometry partition
of PG(3, q2), which geometrically lifts to a spread in PG(3, q2) that algebraically contracts to S.
Corollary 18.2. The set of mixed subgeometry partitions of a 3-dimensional projective space PG(3, k2) constructs
all spreads of PG(3, k).
The idea of the proof merely is to find an appropriate fixed-point-free group of order q2 − 1. Note that any lifted
spread may be represented in the following form:
x = 0, y = x
[
u F(t)
t uq
]
; u, t ∈ GF(q2).
There is always a Baer group B of the following form
〈
e 0 0 0
0 1 0 0
0 0 1 0
0 0 0 e
 ; eq+1 = 1, e ∈ GF(q2)∗
〉
.
Write B as follows:
〈
τa =

aq−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 aq−1
 ; a ∈ GF(q2)∗
〉
.
Note that the kernel homology group K ∗
q2−1 may be written in the form:
〈
ka =

a 0 0 0
0 a 0 0
0 0 a 0
0 0 0 a
 ; a ∈ GF(q2)∗
〉
.
Now form the group with elements τaka :
〈
τaka =

aq 0 0 0
0 a 0 0
0 0 a 0
0 0 0 aq
 ; a ∈ GF(q2)∗
〉
.
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As a matrix ring we have:
K =
〈
τaka =

aq 0 0 0
0 a 0 0
0 0 a 0
0 0 0 aq
 ; a ∈ GF(q2)
〉
.
The following remark connects the groups with the mixed subgeometry partitions.
Remark 18.3. Note that the component orbits under K are the orbits under B, hence there are exactly q2 + 1
components fixed by K∗ and (q4 − q2)/(q + 1) = q2(q − 1), PG(3, q)’s. Hence, there is a mixed subgeometry
partition in PG(3, q2) of (q2 + 1) PG(1, q2)’s and q2(q − 1) PG(3, q)’s. Therefore, there is a subgeometry partition
in PG(3, q2) with (q2+1) PG(1, q2)’s and q2(q−1) PG(3, q)’s which geometrically lifts to the spread algebraically
lifted from the spread in question in PG(3, q).
It is also possible to characterize our algebraically lifted spreads using mixed subgeometry partitions.
Theorem 18.4 (Johnson and Jha [25]). Assume that PG(3, q2) admits q2 mixed subgeometry partitions Mi ,
i = 1, 2, . . . , q2, all with (q2 + 1) PG(1, q2)’s and with q2(q − 1) PG(3, q)’s that pairwise share precisely one
common PG(1, q2) and no common PG(3, q)’s. Furthermore, assume that each of these subgeometry partitions
admits a collineation group Hi of order q + 1, which fixes each PG(3, q) and has orbits of length q + 1 on the
(q4 − 1)/(q − 1) points of each PG(3, q). The collineation group Hi also fixes all PG(1, q2)’s, fixes two points of
each and has orbits of length q + 1 on the remaining points of each PG(1, q2).
(1) If the set of mixed subgeometry partitionsMi , for i = 1, 2, . . . , q2, all geometrically lift to the same translation
plane pi of order q4, then pi is a translation plane which has been algebraically lifted from a translation plane with
spread in PG(3, q).
(2) Conversely, an algebraically lifted plane from a plane with spread in PG(3, q) produces q2 mixed subgeometry
partitions of the type listed in part (1).
We have discussed briefly the subregular planes of order q2 obtained by the multiple derivation of k mutually
disjoint regulus nets. The maximum number of regulus nets k is q − 1 and when this occurs, another Desarguesian
plane is constructed and the set of regulus nets is said to be a ‘linear’ set. For linear sets, any subset constructs a plane
called an ‘Andre´ plane.’
There are at least three ways of generalizing the concept of a subregular plane, each of which we mention in due
course.
We begin by asking: Suppose that we have an affine translation plane pi of order q2, whose spread is the union of
q − 1 mutually line-disjoint reguli together with two other lines L and M—must the plane itself be Desarguesian? Of
course, the plane could be Andre´, so we need to ask another question: What is the set of all translation planes that can
be constructed from pi by multiple derivation of various subsets of the regulus nets?
19. Hyperbolic fibrations
When one considers an affine plane pi of order q2 whose spread is covered by a set of q − 1 mutually line-disjoint
reguli, and if we think of the set of all constructed translation planes, we might then simply consider that we have a
covering of the associated PG(3, q) arising from the ambient 4-dimensional GF(q)-vector space V4 by a set of q − 1
hyperbolic quadrics, together with two lines (the ‘carrying’ lines). Such a covering is called a ‘hyperbolic fibration.’
Can such objects exist? If so, are these connected with any other geometric objects? It is probably well known that
translation planes are connected to flocks of hyperbolic quadrics in PG(3, q) and the theorem of Thas (see, e.g., [54])
and Bader–Lunadon [3] completely determines these planes as nearfield planes. The flocks corresponding to the
regular nearfield planes were constructed by J.A. Thas by geometric methods. That there are flocks corresponding to
certain irregular nearfields was independently determined by Bader [2], Baker and Ebert [4] for p = 11 and 23, and
Johnson [34].
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Theorem 19.1 (Thas, Bader–Lunardon). A flock of a hyperbolic quadric in PG(3, q) is one of the following types:
(i) linear,
(ii) a Thas flock, or
(iii) a Bader/Baker–Ebert/Johnson flock of order p2 for p = 11, 23, 59.
Suppose that pi is an affine plane of order q2 with spread in PG(3, q), that admits an affine homology group H
of order q + 1. In this setting, there are exactly two lines L and M that are invariant under the group H (the one
pointwise fixed is called the ‘axis’ and the other is called the ‘coaxis’). Homology groups act semi-regularly on the
components of the spread, so there are q − 1 orbits of length q + 1. So, we have a partition of PG(3, q) by objects
of the correct size, but are these objects hyperbolic quadrics? It turns out that they are if the group H is cyclic and
there are translation planes with such cyclic groups arising from certain ‘nests’ of reguli. Moreover, there is actually
an equivalence between planes admitting such cyclic groups and hyperbolic fibrations.
There are also wonderful connections of hyperbolic fibrations to flocks of quadratic cones—in fact, the set of flocks
of quadratic cones is equivalent to the set of hyperbolic fibrations whose underlying translation planes admit affine
cyclic homology groups of order q + 1.
A ‘hyperbolic fibration’ is a set Q of q − 1 hyperbolic quadrics and two carrying lines L and M such that the
union L ∪ M ∪ Q is a cover of the points of PG(3, q). (More generally, one could consider a hyperbolic fibration
of PG(3, K ), for K an arbitrary field, as a disjoint covering of the points by a set of hyperbolic quadrics union two
carrying lines.) The term ‘regular hyperbolic fibration’ is used to describe a hyperbolic fibration such that for each of
its q − 1 quadrics, the induced polarity interchanges L and M . When this occurs, and (x1, x2, y1, y2) represent points
homogeneously, the hyperbolic quadrics have the form
V (x21ai + x1x2bi + x22 ci + y21 ei + y1 y2 fi + y2gi )
for i = 1, 2, . . . , q − 1 (the variety defined by the quadrics). When (ei , fi , gi ) = (e, f, g) for all i = 1, 2, . . . , q − 1,
the regular hyperbolic quadric is said to have ‘constant back half’.
The main theorem of Baker, Ebert and Penttila [5] is equivalent to the following.
Theorem 19.2 (Baker, Ebert, Penttila [5]). (1) Let H : V (x21ai + x1x2bi + x22ci + y21 e + y1 y2 f + y22 g) for
i = 1, 2, . . . , q − 1 be a regular hyperbolic fibration with constant back half.
Consider PG(3, q) as (x1, x2, x3, x4) and let C denote the quadratic cone with equation x1x2 = x23 .
Define
pi0 : x4 = 0, pii : x1ai + x2ci + x3bi + x4 = 0 for 1, 2, . . . , q − 1.
Then{
pi j , j = 0, 1, 2, . . . , q − 1
}
is a flock of the quadratic cone C.
(2) Conversely, if F is a flock of a quadratic cone, choose a representation as {pi j , j = 0, 1, 2, . . . , q − 1} above.
Choose any convenient constant back half (e, f, g), and defineH as V (x21ai + x1x2bi + x22ci + y21 e+ y1 y2 f + y22 g)
for i = 1, 2, . . . , q − 1. Then H is a regular hyperbolic fibration with constant back half.
Now for each of the q − 1 reguli, choose one of the two reguli of totally isotropic lines. Such a choice will produce
a spread and a translation plane. Hence, there are potentially 2q−1 possible translation planes obtained in this way.
Now it is possible to reconstruct a hyperbolic fibration with constant back half from any translation plane of order
q2 with spread in PG(3, q) that admits a cyclic homology group of order q + 1.
Theorem 19.3 (Johnson [42]). Translation planes with spreads in PG(3, q) admitting cyclic affine homology groups
of order q + 1 are equivalent to flocks of quadratic cones.
20. Nests of reguli
Instead of replacing sets of mutually line-disjoint reguli in some affine plane of order q2, suppose that we happen
on a replacement of a set of reguli that are not mutually disjoint. In particular, for q odd, suppose that it is possible
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to have a set of t-reguli, the union of which produces a net which is replaceable by a set of exactly half of the Baer
subplanes (lines of the opposite regulus) of the set of Baer subplane of each regulus net. When this is possible, it must
be the case that each line of the union falls into exactly two reguli of the set. This is called a ‘replaceable t-nest’. So,
what are the possible configurations of t-nests and which of these are replaceable in the above manner? What sort of
affine planes admit t-nests?
Some of these t-nests produce, upon replacement, a translation plane admitting affine homology groups of order
q + 1 and so are connected to hyperbolic fibrations and hence also then connected to flocks of quadratic cones (the
(q + 1)-nests). Also, some of these t-nests produce planes admitting affine elation groups of order q. In this context,
the spread is partitioned into q orbits of length q together with the axis L of the group. When the orbits are reguli,
it turns out that there is an associated flock of a quadratic cone and then again a set of translation planes admitting
affine homology groups of order q + 1. But, flocks of quadratic cones also directly produce translation planes with
such ‘regulus-inducing’ elation groups of order q .
Let pi be a translation plane of order q2 admitting an affine homology group of order q − 1, q, or q + 1, each of
which is ‘regulus-inducing’ in the sense that each component orbit defines a regulus either directly or by adjoining
the axis and coaxis. Then in the q − 1 case, there is an associated flock of a hyperbolic quadric and we know this
means that the translation plane is a nearfield of specific type. In the last two cases, there is an associated flock of a
quadratic cone either directly using the regulus-inducing elation group of order q, whose orbits union the axis produce
a spread covered by q regulus sharing an axis, or more indirectly using the cyclic group of order q + 1 to determine
an hyperbolic fibration and then to find the associated flock of the quadratic cone, which, in turn, produces the conical
flock plane admitting the regulus-inducing elation group of order q.
Hence, regulus-inducing affine homology groups of order q + 1 are intrinsically equivalent to regulus-inducing
affine elation groups of order q.
Another way to generalize subregular planes is simply to consider analogous planes of larger dimension: order-qn
translation planes with spreads in PG(2n − 1, q), for n > 2.
21. Hyper-reguli
A regulus net in an associated vector space V4 of dimension 4 has a replacement net defined by 2-dimensional
subspaces that intersect each component of the regulus partial spread in 1-dimensional GF(q)-subspaces. If we have a
net of order qn and degree (qn−1)/(q−1) that has a replacement set of n-dimensional GF(q)-subspaces that intersect
each component subspace of the original net in 1-dimensional GF(q)-subspaces, we call this a ‘hyper-regulus.’ Can
there be hyper-reguli? Can there be a set of mutually line-disjoint hyper-reguli? If there is an affine plane of order qn
that is partitioned by a set of q − 1 nets of degree (qn − 1)/(q − 1) together with two components L and M , are the
partition pieces hyper-reguli? Suppose that there is an affine cyclic homology group of order (qn − 1)/(q − 1), then
what can you say? What is the set of known examples and how do we tell when a given plane has been constructed
using ‘hyper-regulus replacement’?
When n = 2, a hyper-regulus is simply a regulus. It is well known that replacement of a regulus that sits as a partial
spread in an affine Desarguesian plane of order q2 by its opposite regulus produces a Hall plane. If there is a set of
mutually line-disjoint reguli that lie in an affine Desarguesian plane of order q2 then the translation plane obtained by
replacement of each regulus in the set by its opposite regulus is called a ‘subregular’ plane.
In [49], Ostrom gave an example of a hyper-regulus net of order q6 and degree (q6− 1)/(q − 1) in a Desarguesian
affine plane which did not give rise to an Andre´ plane. This sort of hyper-regulus may be generalized as follows.
Theorem 21.1 (Johnson [40]). Let q be any prime power and let n be any composite integer. Then, there exists a
hyper-regulus which is not an Andre´ hyper-regulus of order qn and degree (qn − 1)/(q − 1). Consider
y = xqm; m(qn−1)/(qd−1) = 1,
y = xqn−(d−1)m; m(qn−1)/(q−1) = 1 but m(qn−1)/(qd−1) 6= 1, d > 1.
Andre´ planes of order q2 with spread in PG(3, q) have been mentioned previously. More generally, a ‘generalized
Andre´ plane’ is any translation plane of order pn whose spread may be represented in the following form:
x = 0, y = x pλ(m)m; m ∈ GF(pn),
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where λ is a function on GF(pn) to Z+ such that λ(0) = 0. If we consider q = pr and pn = q t , the ‘Andre’ nets are
defined as follows:
Aδ :
{
y = xm;m(q t−1)/(q−1) = δ
}
.
Also the Andre´ nets have replacement nets Asδ:
Asδ :
{
y = xqs m;m(q t−1)/(q−1) = δ
}
.
We call such replacements ‘Andre´’ replacements and it is pointed out that the replacements above are replacements of
Andre´ nets which are not Andre´ replacements. In fact more may be said:
Corollary 21.2 (Johnson [40]). The translation plane obtained from a Desarguesian plane by the replacement of an
Andre´ net by a non-Andre´ hyper-regulus is not an Andre´ plane.
Definition 21.3. The replacements that use subspaces of the form y = xqρ(i)m as above are called ‘generalized Andre´
replacements’ or the ‘generalized Andre´ replacements of Johnson’.
Theorem 21.4 (Johnson [40]). Let Σ be a Desarguesian affine plane of order qds . For each q-Andre´ Aα , α ∈ GF(q),
choose a divisor eα of d and partition the components of Aα into
(qeα−1)
(q−1) pieces each of cardinality
(qds−1)
(qeα−1) .
(1) Each of the partition pieces will be qeα -Andre´ nets admitting the group F∗d . Let Aα,i for i = 1, . . . , (q
eα−1)
(q−1) ,
denote the set of qeα -Andre´ nets arising from Aα .
(2) Consider the subgroup F∗s(q
eα−1)
d of F
∗(qeα−1)
d and let{
βα,i, j ; j = 1, . . . ,
(
s,
qd − 1
qeα − 1
)}
, i = 1, . . . , (q
eα − 1)
(q − 1) , α ∈ GF(q)− {0},
be a coset representative set for F∗s(q
eα−1)
d of F
∗(qeα−1)
d , depending on α and i .
Let bα be any element of F∗ds such that b
(qds−1)/(q−1)
α = α. Let
A
eαλα,i ( j)
α,i =
{
y = xqeαλα,i ( j)mbα;m(qds−1)/(qd−1) ∈ βα,i, j F∗s(q
eα−1)
d
}
,
where the functions λα,i are chosen to satisfy the conditions (λα,i ( j), d/eα) = 1 and (λα,i ( j)−λα,i ( j), d/eα) = d/eα .
Then A
eαλα,i ( j)
α,i is a union of (
(qds−1)
(qd−1) /(s,
(qd−1)
(qeα−1) )) F
∗
d orbits of length
(qd−1)
(qeα−1) ; a set of ( (q
ds−1)
(qd−1) /(s,
(qd−1)
(qeα−1) )) q
eα -
fans.
Hence,
⋃ (qeα−1)(q−1)
i=1 A
eαλα,i ( j)
α,i consists of
(qeα−1)
(q−1) (
(qds−1)
(qd−1) /(s,
(qd−1)
(qeα−1) )) q
eα -fans.
(3) {x = 0, y = 0,⋃α∈GF(q)∗⋃ (qeα−1)(q−1)i=1 Aeαλα,i ( j)α,i } = S(eα;α∈GF(q)∗) is a spread defining a generalized Andre´ plane
that admits F∗d as a fixed-point-free collineation group. The spread is the union of two qd -fans (x = 0, y = 0) and
(qeα−1)
(q−1) (
(qds−1)
(qd−1) /(s,
(qd−1)
(qeα−1) )) q
eα -fans, for each of q − 1 possible divisors eα of d.
For α 6= δ, the divisors eα and eδ of d are independent. For i 6= k, the functions λα,i and λδ,k are independent
subject to the prescribed conditions.
Now the point of the previous construction is that there are a tremendous variety of translation planes (in this case,
generalized Andre´ planes) that admit various fixed-point-free groups of orders qe − 1. In particular, we have noticed
that where the fixed-point-free group has order q2 − 1, we may construct by ‘spread retraction’ a corresponding
subgeometry partition. Hence, infinitely many new subgeometry partitions are then constructed.
So far we have shown that there are hyper-reguli that are Andre´ in a Desarguesian affine plane but which have
non-Andre´ net replacements. Two question arise: Are there any hyper-reguli that are not Andre´? Are there sets of
hyper-reguli that are mutually disjoint on components? We begin with the first question.
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22. Fundamental hyper-reguli
Jha and Johnson [26] consider a class of hyper-reguli that are not Andre´ in any sense of the word.
Definition 22.1. Any hyper-regulus of order qn and degree (qn − 1)/(q(k,n) − 1) of a Desarguesian affine plane that
has a replacement set of the form{
y = xqk ad1−qk + xqn−k d1−qn−k c; d ∈ GF(qn)− {0}
}
, for a, c ∈ GF(qn),
is called a ‘fundamental hyper-regulus’.
Remark 22.2. A fundamental hyper-regulus for c = 0, and a 6= 0, is an Andre´ hyper-regulus.
Corollary 22.3. Any fundamental hyper-regulus for ac 6= 0 is isomorphic to{
y = xqk d1−qk + xqn−k d1−qn−k b; d ∈ GF(qn)− {0}
}
,
for some b.
Theorem 22.4 (Jha–Johnson [26]). Let Σ be a Desarguesian affine plane of order qn . Form the translation plane pi
of order qn , n/(k, n) > 2, with spread{
y = xqk d1−qk + xqn−k d1−qn−k b; d ∈ GF(qn)− {0}
}
∪ M,
where M is the subspread of the associated Desarguesian plane Σ whose components do not intersect the hyper-
regulus. Note that M contains x = 0.
If q > 3, then the full collineation group of pi is the group inherited from the associated Desarguesian plane Σ .
Generalized Andre´ planes always have fairly large affine homology groups. However, the planes of Jha–Johnson
do not have such groups. Indeed, the following theorem shows how different they are from the generalized Andre´
planes.
Theorem 22.5 (Jha–Johnson [26]). Assume that q > 3 and that pi is a Jha–Johnson plane as in the previous theorem.
Then the following hold:
(1) If n/(k, n) is odd > 3 then the plane pi admits no affine central collineation group and the full collineation
group in GL(2, qn) has order (qn − 1) and is the kernel homology group of the associated Desarguesian plane.
(2) If n/(k, n) is even> 3 then the plane pi admits symmetric affine homology groups of order q(k,n)+1 but admits
no elation group. The full collineation group in GL(2, qn) has order (q(k,n)+ 1)(qn − 1), and is the direct product of
the kernel homology group of order (qn − 1) by a homology group of order qk + 1.
Corollary 22.6. The translation plane of order qn , n/(k, n) > 3, q > 3, has kernel GF(q(n,k)) and cannot be a
generalized Andre´ or Andre´ plane.
The question is: when are Hb,k and Hb∗,k∗ isomorphic?
Theorem 22.7 (Jha–Johnson [26]). For hyper-reguli given by
Hb,k =
{
y = xqk d1−qk + xqn−k d1−qn−k b; d ∈ GF(qn)− {0}
}
∪ M,
we have the following isomorphisms.
(1)Hb,k and Hb∗,k are isomorphic if and only if
b∗ = bps a−qn−k+qk = bps a−qk (qn−2k−1)
for some element a of GF(qn)− {0}.
(a) When (n, 2k) = (n, k) there are at least
(q(n,k) − 2)/
(∣∣Gal GF(qn)∣∣ , (q(n,k) − 2))
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mutually non-isomorphic hyper-reguli.
(b) When (n, 2k) = 2(n, k), there are at least
(q(n,k) + 1)(q(n,k) − 2)/
(∣∣Gal GF(qn)∣∣ , (q(n,k) + 1)(q(n,k) − 2))
mutually non-isomorphic hyper-reguli.
(2)Hb,k and Hb,k∗ are isomorphic if and only if
k∗ ≡ (k, n − k) mod n.
23. Multiple hyper-regulus constructions
In the previous section, we have constructed hyper-reguli in a Desarguesian affine plane of order qn . The
construction is valid for any prime power q and any integer n > 2. When n = 3, it turns out that all hyper-reguli are
Andre´, a result due to Bruck [8], and there are exactly two replacements, a result due to Pomareda [51]. However, it
is possible that a set of Andre´ hyper-reguli can be nonlinear in a sense that we have considered before for subregular
planes. Actually, Culbert and Ebert [13] have constructed various sets of hyper-reguli, in which no subset of cardinality
at least two is linear. What this means is that there are a variety of new translation planes constructed which cannot
be generalized Andre´ planes. The construction given involves Sherk surfaces and as such constructs first the set of
hyper-reguli in the associated Desarguesian plane and then constructs the spreads by taking any of the two possible
replacements for each Andre´ net in the set.
On the other hand, Jha and Johnson [27] are able to find sets of mutually disjoint hyper-reguli with the nice feature
that these new hyper-reguli are never Andre´ when n > 3 and replacement of subset of hyper-reguli produces a plane
which is not Andre´ or generalized Andre´. When there are sets of at least two hyper-reguli and n = 3, it is possible that
there is some overlap with certain of the sets of hyper-reguli of Ebert and Culbert. The method that Jha and Johnson
employ is to first find the replacements for the hyper-reguli in the Desarguesian planes. What this means is that the
hyper-reguli in the associated Desarguesian affine plane are not particularly well-defined.
So it is actually possible to find sets of mutually disjoint hyper-reguli of various cardinalities. Replacement of any
subset of a set of these mutually disjoint hyper-reguli will produce a new translation plane, a plane that is not Andre´
or generalized Andre´. The following theorem illustrates the complexity of the construction.
Theorem 23.1 (Jha–Johnson ([27]). Let Σ denote a Desarguesian affine plane of order qn , for n > 2, coordinatized
by a field isomorphic to GF(qn). Assume that k is an integer less than n such that n/(n, k) > 2. Let ω be a
primitive element of GF(qn)∗, then for ωi , attach an element f (i) of the cyclic subgroup of GF(qn)∗ of order
(qn − 1)/(q(n,k) − 1), C(qn−1)/(q(n,k)−1), and for ω−iqn−k , attach an element f (i)−qn−k . Hence, we have a coset
representative set
{ω f (1), ω2 f (2), . . . , ω(q(n,k)−1) f (q(n,k) − 1)}
for C(qn−1)/(q(n,k)−1). Let
H∗ =

y = xqkωi j f (i j )cd1−qk + xqn−kω−i j qn−k f (i j )−qn−k bd1−qn−k ; d ∈ GF(qn)∗,
for i j ∈ λ ⊆ {1, 2, . . . , q(n,k) − 1},
assume
(
b
c
)(qn−1)/(q(n,k)−1)
6∈ (ωi j+iz )(qn−1)/(q(n,k)−1), for all i j , iz ∈ λ
 .
Then H∗ is a set of |λ| mutually disjoint hyper-reguli of order qn and degree (qn − 1)/(q(n,k) − 1).
Using this theorem it is possible to find, for example, sets of mutually disjoint fundamental hyper-reguli of
cardinality (q − 1)/2, (q − 3)/2 for q odd and of cardinality q/2− 1, for q even. For example:
Theorem 23.2 (Jha–Johnson [27]). Let Σ denote a Desarguesian affine plane of order qn , for n > 2, coordinatized
by a field isomorphic to GF(qn). Assume that k is an integer less than n such that n/(n, k) > 2. Let ω be a
primitive element of GF(qn)∗, then for ωi , attach an element f (i) of the cyclic subgroup of GF(qn)∗ of order
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(qn − 1)/(q(n,k) − 1), C(qn−1)/(q(n,k)−1), and for ω−iqn−k , attach an element f (i)−qn−k . Hence, we have a coset
representative set
{ω f (1), ω2 f (2), . . . , ω(q(n,k)−1) f (q(n,k) − 1)}
for C(qn−1)/(q(n,k)−1). Let e 6= 1 be a divisor of q(n,k) − 1 and let
H∗e,(n,k) =

y = xqkωi j f (i j )cd1−qk + xqn−kω−i j qn−k f (i j )−qn−k bd1−qn−k ; d ∈ GF(qn)∗,
for i j ∈ λ = {ei; i = 1, 2, . . . , (q(n,k) − 1)/e},
choose
(
b
c
)(qn−1)/(q(n,k)−1)
6∈ C(q(n,k)−1)/e
 .
Then H∗e,(n,k) is a set of (q(n,k) − 1)/e mutually disjoint hyper-reguli of order qn and degree (qn − 1)/(q(n,k) − 1).
24. Final comments
Although we have given a short survey of some of the planes and processes, we have by no means exhausted the
known processes nor listed very many models. For example, a more complete set of processes and planes is given in
the Handbook and covers the following processes and planes.
Slicing, spreading, expanding in orthogonal geometry
Projection of ovoids and Klein quadric
Derivation of affine planes—multiple derivation
General net replacement—hyper-regulus replacement
Nest replacement
Transpose, dualize
Distortion of quasifields
t-extension
Algebraic lifting—contraction
Geometric lifting—retraction
Subregular lifting
t-square, t-inverse—flock derivation
Conical distortion (homology planes)
Semi-fields
Fusion of nuclei
Cyclic distortion of semi-fields
Direct products of nets
Hermitian sequences—parabolic, hyperbolic
Translation dual.
For translation planes with spreads in PG(3, q), ‘dimension 2’, the following could be considered:
Distortion and derivation
Algebraic lifting
Subgeometry planes
Subregular lifting
Conic flock planes
Hyperbolic flock planes
Nearfield planes
Partial hyperbolic flock planes
t-nest planes
Geometric lifting
Planes of order q2/Groups of order q2; likeable
Planes of order q2/Groups of order q2 − 1
Planes of order q2/Group SL(2, q)
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Planes of order q2/Group Sz(q)
SL(2, 3)× SL(2, 3) & SL(2, 5)× SL(2, 5)-planes
Planes related to irregular nearfields
Ovoidal planes; Klein quadric constructions
Symplectic planes and cousins
Flag-transitive planes
Generalized Andre´ planes
Semi-field planes
j-planes
For planes of dimension 3, we could add to this list:
Generalized Desarguesian planes
Long orbit planes
Cubic hyper-regulus planes
Generalized Andre´ planes
Semi-field planes
j . . . j-planes
Cubic extension planes
Dimension 4:
Regular parallelism planes
Algebraically lifted + derived planes
as well as planes of types in the dimension 3 case.
Larger Dimension:
Hyper-regulus planes
Generalized Hall planes
Flag-transitive planes
Long orbit planes
j . . . j-planes
Symplectic and orthogonal planes
Semi-field planes
Generalized Andre´ planes.
As was maintained in the introduction, planes and processes substantially of translation planes arise from and
provide information for a variety of finite geometric structures, of which we have given but a few examples from the
many emerging theories.
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